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LO1 NOI PAU

Quyén sdch ndy dugc bién soan trén cd s8 bai gidng C4u tric
dai s6 clia tdc gid tai khoa Gido dyc Ti6u hoc, Trudng Dai hoc Su
pham Thanh ph& HS Chi Minh.

C&u tric dai 88 (phdn cd bén cia Dai s6 dai cuong) & mbt
mén hoc quan trong ciia sinh vién khoa Todn céc trudng Dai hgc
Khoa hoc Ty nhién, Dai hoc Su pham va Cao ding Su pham.

M8n hoc C4u trdc dai s6 gitp ching ta hiu biét If thuyét t6ng
quét vé phép toan, biét dugc rdng s& ty nhidn, s6 nguyén, s6 hiu f],
V.v... cOng vOi cdc phép todn trén chung chl 1 cdc mdé hinh cla
nhing cdu tric dai s6 18ng quét. V1 f do 1rén, cu tric dai s6 ciing 13
mét mén hoe quan trong cla sinh vién nganh Gido duc Tiéu hec. Hon
nida do dic di€m clia chuong trinh dao tao CJ nhdn Gido dyc Tidu
hoc, trong sach con dé cdp dén mét vai van dé cila cau tric thir ty.

Sdch gém bén chuong :

1. Phép todn dal sé va nira nhém.

2. Nhém. -

3. Vanh va trudng.

4. Mt s6 loai vanh dic biét.

Cudi méi chuong cla sach cé mét s& bai tip chon lge.

Ngodi cac bai tdp don thudn dé ban doc rén luyén kh3 ning
vén dung )il thuyét va phiét trién tu duy, trong sdch con co mét s6 bai
14p If thuyét. Khi gidi céc bai tip If thuyél, ngoai vigc rén luyén ki



ndng gidi todn ban doc con b8 sung dugc cho minh vé kién thic cla
mén hoc.

b6i tugng phyc vy chinh cia sdch 1a sinh vidn khéng phai
chuyén nganh toan. Do dé céc kién thuc chi trinh bdy & mdc dé t6ng
quét viza phéi, Mic d vdy, ching 16i cho rdng quyén sich nhé nay
cing rét hiu kch cho sinh vién chuyén nganh todn va dac biét 1A
nhiang ban doc budc diu Bm hidu vé mén hoc thu vi nay.

D& quyén sach dugc hoan chinh hon khi téi bén, ching t6i rét

mong nhdn dudc nhidu sy gop y cida ban doc va clla c4c ban déng
nghiép.

TAC GIA



CHUONG |
PHEP TOAN DAL SO VA NUA NHOM

§1. DINH NGHIA PHEP TOAN

1. Binh nghia va vi du

Cho X la mét tap hgp. Ta goi mét phép todn trén X la mét
4nh xa

T:XxX-o5 X
tr tich Decartes X xX vao X.

Nhu vay phép todn T dat mbi cip phén tir (x, y) clia tip X x X
véi mot phan tir duy nhat T(x, y) cia X. Phan ti T(x, y) goi la két
qué cia phép todn T. Thay cho cédch vigt T(x, y) ta sé viét 1a xTy va
thay cho ki higu T ta con viét céc ki hidu khéc nhu +, ., +, o, ... .

x +y duge doc 1a x céng y va két qua d6 goi 1a t6ng cia x va y.

x.y (hay xy) duge doc 13 x nhdn y va két qua dé goi la tich cia
XVvay.

Vi dy 1. Vdi phép todn & v& phai 12 “phép todn” ma ta da quen
bié&t thi

a) T1 (X, y) = x + y 12 phép todn trén N* , NZ, QO R.
b) T, (%, y) = x.y 12 phép toén trén N', N, Z, @, R.

¢) T, (x, y) = %’ 1a phép todn trén N .



Vi du 2. Ki hidu X" 1a tap cdc dnh xa tit X vao chinh né. Khi
a6 phép hop thanh cia hai 4nh xa f, g € X*
T, (£, g) = gof
12 phép todn trén xX.

Vi du 3. a) Phép trit 1a phép todn trén Z nhung khong la
phép todn trén N.

b) Phép chia 1a phép todn trén Q‘ nhung khéng 1a phép todn
trén Q, khéng la phép todn trén A

2. Phép todan cam sinh
Cho * 1a m{t phép todn trén X va A 12 mét tip con cua X
Phép todn * goi la 6n dinh trén tdp A néu v6i moi x, y €A déu c6
X * ye A
Né&u phép toan * n dinh trén' A thi
T:Ax A—> ATy =x=*y
cing 12 m¢t 4nh xa, do dé cing la mét phép todn trén A.

Phép todn nay trén tép A dugc goi 1a phép todn cdm sinh bdi
phép todn * trén X.

Vi du 4. a) Phép cong trén Z 8n dinh trén tap con N, én dinh
trén tdp con C cdc s8 nguyén chén. Do d6 phép cong trén Nva C
cam sinh bdi phép cong trén Z . I

b) Phép trit trén Z khéng én dinh trén tap con N. Do 46
phép tris trén Z khong cdm sinh mét phép todn trén N.

Vi du 5. Trén R xét phép todn

acb =a + b — ab.



Phép toan o 8n dinh trén tap S =[0, 1].

That vay,asb=a+b—-ab=a(l-b)+b. Véimoia, b e S:
0<a(l-b)+b=<(1-b)+b=1.

Vdy acb € Svéimoia, b e S.

§2. CAC TINH CHAT PAC BIET
CUA PHEP TOAN

1. Tinh chat két hgp
Cho = 12 mét phép todn trén tap X. Phép todn * goi la ¢6 tinh
chat két hop nfumoi x,y, z € X ta cd
(X * y)sz = x*(y * z).
Vidu 6. a) Phép +, . trén N, Z, Q, R 1a két hop.
b) Phép — trén Z khéng két hop. Ching han
1-2)-3#1-(2-23).

c) Phép 10y thita trén N khéng k&t hop. Ching han
2
2 |1
(21] " 2( ) .
d) Phép hop thanh c4c 4nh xa trén x* 1a két hop.

2. Tinh chit giao hoan -
Cho * 12 mét phép todn trén tdp X. Phép todn * goi 1a ¢6 tinh
chat giao hodn n€umoi x,y € X ta cé

X*y=Y*X



Vidu 7. a) Phép +, . trén N, Z, @, R 1a giac hodn.

b) Phép - trén Z khéng giao hosn. Ching han
1-2 % 2-1
c) Phép lity thira trén N khéng giao hosn. Ching han
12 29t
d) N&u X c6 nhiéu hon mdt phan t& thi phép todn hgp thanh
o trén X~ khong giao hodn. That vay, gid sk a,b € X, a =b.

Goi fva g € XX 1a cdc 4nh xa x4c dinh béi

fix)=avéimoix € X

g(x) =b véimoi x € X.
Khi dé gofla) = b, fog(a) = a. Vay gof "= fog.

§3. CAC PHAN TU DAC BIET
CUA PHEP TOAN

1. Phan i trung hoa
Cho * 12 mét phép todn trén tip X. Phan tii e’ € X (e” € X)
goi 1a phdn t2 trung hda bén trdi (phdi) cia phép todn * néu vdi

moi x € X

e€*X=X (x = e” = x).



Phén tit e goi l1a phdn ti trung hoa cha phép tosn * néu e vira
la phan t& trung hoa bén tréi vita 1a phén tir trung hoa bén phai,
ticlavédimoix € X

exX=X%e=X.

Binh li 1. Cho x 12 mdt phép todn trén X. Khi dé néu &' 12 phén t&
trung hoa bén trai va e” la phén 17 trung hda bén phai cia » thi e' = 6",

CHUNG MINH. Do ¢’ 12 phén t& trung hoda bén trii nén
e, * e,) = e)).
Do e” 1a phén t& trung hoa bén phai nén
exe’=¢.
Tir hai ding thic trén suy ra e’ = e”.
Hé qua. Phin t trung hda ciia mdt phép lodn *, néu ¢d, 14 duy nhét.
Vi du 8. a) 0 12 phén ti trung hda cia phép cong trén N, Z,
Q. R.
“b) 11a phan ti trung hda cGa phép nhan trén N ,N, Z, Q, R .
¢) 0 1a phin ti¥ trung hoas bén phai cia phép trir trén Z,
nhung khéng 12 phén ti trung hda bén trai.
d) Anh xa déng nhat I, 1a phén ti trung hda clia phép todn o
trén XX.

2. Phan tw d6i xing

Cho * 12 mét phép todn trén X c6 phln ti trung hoa 13 e.
Phén t& X’ € X (x” € X) got 14 phdn td déi xiing bén trdi (phdi)
ciia x néu

X*xx=e (x*x'=e)



Phén t& x’ goi 1a phdn td d6i xing cla x néu X’ vira 12 phén ti
d6i xing bén phai vira 12 phdn t d6i xiing bén trai cda x, tdc la

X*xX=x*X =e,
Néu x ¢6 phén tit d&i xing thi x goi 14 phan tif khi d8i xing.
Pinh li 2. Néu phép toén » trén X két hgp, x' 12 phin t dbi xing bén
Ir4i ctia x, x” ia phdn 1 d6i xiing bén phéi cba x thi x' = x".

CHUNG MINH. Theo gia thiét ta c6
X =x"*e
=x *(x *x")
=(x *x)*x"
=e*xx’
= x“
Vay %' = x”.
Hé qua. Néu phép toan két hop thl phén 1 d6i xifng cia mdt phan tr
néu c6 14 duy nhét.
Vi dy 9. a) Trén Z, Q, R v6i phép cong, moi phén ti x c6 phdn
t 4861 xing 12 —x.
b) Trén Q*, R’ véi phép nhén, moi phén ti x cé6 phan ti déi
xung 1a x .
¢) Trén X~ v6i phép tosn o, phan ti f kha d6i xing khi va chi
khi f 12 song anh. Phan ti d6i xiing ciia f 12 4nh xa nguge f - cdia f.
d) Néu e 12 phdn t& trung hda clia phép todn * trén X thi e
kha d8i xing va phén td d6i xding chia e la chinh né.
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3. Vai quy uéc vé cach goi

Néu phép todn trén X la phép cong (+) thi phan t trung hoa
thuong goi 14 phdn tiz khéng, ki hiédu la OAX ho#ic 0; phén tir d&i

Xdng cia x goi 1a phén t d6i cha x, ki hiéu 1a ~x.

Néu phép todn trén X la phép nhan (.) thi phan t trung hoa
thudng goi 1a phan t don vi, ki higu la 1y hodc 1; phén tir khd doi
xing goi 1a phdn ti khd nghich, phan tit d8i xing cia x goi la

phdn t2 nghich ddo cha x, ki hiéu 1a xt. Cing nhu véi phép nhan
s8 théng thudng dau (.) thudng duge b di.

§4. PHEP TOAN n-ngéi

Cho X la mét tap hgp va s& n € N. Ta goi liZy thita Descartes

bdc n cua X 12 tap X" cdc 4nh xa tir tap réng vao X néun = 0 va tir
tap {1,2,...,n} vao X néun > 0.

N&un = 0 thi X° ¢6 duy nhét mét phén ti. N&u n > 0 thi mdi

phin t¢ cia X" c¢6 th€ mo td dudi dang mét by n phin t

(xl, x2,...,xn), Xy Xgyeey X € X.
Binh nghla. Cho X 1a2 mét tap hgp va sé n ¢ N. Ta gpi mdt phép
todn n-ngoi trén X la mgt 4nh xa
T: X" = X.

Theo dinh nghia nay, phép todn ma ta xét & trén 1a phép todn
2-ng6i.

11



Khi n = 0, X0 ekt c6 mot phén ti, nén phép toan 0-ngdi trén
X 13 mét 4nh xa tir tap mdt phén tir vao X, tic 12 phép chon mot
phan tir cia X

Khin =1, X' =X, do d6 phép toéin 1-ngdi trén X 12 mot 4nh
xa tir X vao X.

Vidy 10 T : N> N, x —x + 2 1a phép todn 1-ngéi trén X
Day 12 phép todn cOng mot s6 ty nhidn véi 2.

§5. NUA NHOM

1. Pinh nghia nita nhém
Cho X 1a mot tidp va * l1a mdt phép todn trén X. Tép X cung
vé6i phép todn * duge ki hiéu la (X, *) hosc X.

X, =) goi 1a mét niza nhém néu phép todn * cé tinh chit két hap.

(X, *) got la mét vi nhém néu phép todn * két hgp va c6 phin
tir trung hoa.

N&a nhém (vi nhém) (X, =) goi 14 nda nhém (vi nhém) giao
hodn néu phép toan x 1a giao ho4n.

Vide 11. a) (N, ) 1a mét nda nhém giao hodn, nhung khéng
12 vi nhém; (N, +) 12 mét vi nhém.

b) (N, ), (N, .), (Z, .) 1 cdc vi nhém giao hodn.
o) (XX, 0) 12 vi nhém. Néu X c6 nhiéu hon mét phén ti thi vi

nhém nay khong giao hodn.
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Vi du 12. Cho X 14 mdt tap hgp. Trén X xét phép todn
X+*y=xviimoix,yeX.
o (X, ») 1a mdt mra nhém. That vAy, moi X, y, z € X, ta ¢6 :

X*xy)*z=x*z=X; X*(y*xz)=X*xy=xnén(X*y)xz=
= x * (y * z). Viy phép todn * két hgp.

¢ Néu X ¢6 hon mét phén t thi nira nhém (X, +) khong giao
hodn, That vy, gid sux, y e X, X #y,tacédx*y =X, y*x =7y, fiic
lAx+yzy=*x

e Moi y € X déu la phén ti trung hoa bén phdi. That vay, moi
x € X ta ¢é x * y = X nén y la phén tif trung hoa bén phai.

e NEu X c6 hon mét phén ti thi trong X khoéng cé phén to
trung hoda bén trsi. That viy, vdi moi y € X, chon x € X, x # y. Khi
déy * x = y # x nén y khéng 14 phén td trung hda bén tréi.

2. Tich cdc phin tit trong m¥a nhém

Cho (X, .) 124 mét nita nhém nhén. Vi phép todn két hgp nén

V6i céc phén ti X,,X, ,..., x € X ta dinh nghia.
Xy Xy X3 = (XX, )%,

X Xgo X (X = (X)X, X

n )xn véin > 3.

n-1

Pinh 1i 3. Cho xy,x,,...,x, 14 cac phdn tf cda mét nija nhdm X. Gid
S0 1= k<kp<..<k,<n.Déat
b = aa;... a, ,
by = 84,84y 41 g1

13



CHUNG MINH. Hién nhién k&t qud ding véi n < 3. Gid s két
qua diing véi n — 1 > 3, ta sé& chiing minh két qui didng véi n.

eNéu k, =n thi b, = a, . Theo gid thiét quy nap

a,85..a , =bb, b

1727 n —

Theo gid thiét quy nap

a a,.a  =(b b, ”'bkh—l) b'kh ,
suy ra a,8,..a ;8 =(b,.. bkh‘l )(b'kh a )
= (b,b,... b b
(byby.. by )by
= b b, .. bkh.

Nhgn xét1. 1) Ta vist aa ... a (n 14n) 12 a" . Theo dinh lf 3, véi
moi phén t a cia nita nhém nhan X vap, g e N ta cé

Pq

a =(&p)q

2) Néu X 1a ni¥a nhém cong thi ta viét a + a + ... + a (n 14n) 12
n a. Céc quy téc trong 1) trd thanh : Véimgia € X, p,q € N ta cé

pa+qa=(p+qa
(pq) a = q(pa).

14



Dinh li 4. Cho X(,X5,...X, 14 cdc phdn tI cia mt nia nhom giao
hodn X. Khi do
Xy Xg oo Xp = Xg1y Xo(2)- Xo(n)
trong d6 o 14 Mot hoén vi bél ki ca cac s6 1, 2,..., n.

CHUNG MINH. Hién nhién két qua ding v6i n < 3. Gid sif két
qua ding vdi n — 1 > 3, ta s& ching minh k&t quid ding véi n. Véi
hodn vi ¢ bit ki, dat o(n) = k. Ta c6

a 8,...a = (a..a )aa ..a) (theo dinh 1i 1)

= (a,...a, (XNa, ;...a )a,

= (2.8, ;8 ,..8)a

= (a (do gia thiét quy nap)

oD 2@ Rotn-1)) Bo(m)

= 85 30(2) " Bo(n-1) Potn) -
Nhgn xét 2. 1) Theo dinh i 4, véi moi a, b € X, X 14 nita nhém
giao hodn van € N' ta ¢6
(ab)" =a"b".

2) Néu X la nita nhém céng giao hodn thi quy tic trong 1) trd
thanh n(a + b) = na + nb.

8. Tinh chit ctia phén ti kha nghich
Binh If 5. Cho X Ia mét vi nhom vdi phdn 1 don vi 1y . Khi d6
1)1 =1x.
2) x € X kha nghich thl x~' kha nghich va (x~')"" = x.
3) x, y e X khd nghich thi xy khd nghich va (xy) ' =y~ 'x"7.

15



CHUNG MINH,

1) Vi lxlX :lx.
-1 -1
2)Vi xx =X x=1x-

HWV (v x Hixy) = y_llxy =y y= 1y,
) D =x Lx T=xxl =1
Nhén xét 4, Néu (X, +) 12 mét vi nhém véi phén tir khong 0y

thi cdc quy tdc trong dinh li 5 trd thanh
1) —0X = OX'

2) —(-x) = x néu x c6 phan tir d6i.

3) —(x + y) = -y — x néu x, y ¢6 phén tif da:.

0] day ta st dung ki hidux + (-y) = x -y, docla x trify, néu y
c6 phan td déi.

4. Luit gian wée

Phén t¥ a cha nia nhém nhan X goi 12 thda man ludt gidn
ude ndumoi X, y € X, ta cé

ax =aysuyrax =Yy,
Xa=yasuyrax=y.

Dinh i 6. Néu a 14 phdn t& kh& nghich cia mét vi nhdm X thi a théa
man ludt gidn Jdc.

CHUNG MINH, V6i moi X, y € X ta ¢6
ax = ay = a l(ax) = a-l(ay)

= (@ la)x = (a_la)y

16



= 1xx zlxy

=>xX=y.
Tuong tu ta cong cé

Xa=ya=>Xx=y.

§6. NUA NHOM CON

Cho (X, *) 1a mdt nira nhém va tép con A c X 8n dinh déi véi
phép todn *. Phép todn * cidm sinh trén A hién nhién la k&t hgp,
do d6 (A, *) la mét nita nhém, goi 14 nda nhém con cha (X, *).

Pé ching minh A 12 m$t nda nhém con cila X ta chi cin kiém
tra phép todn trén X la én dinh trén A

Néu X 1 vi nhém va nia nhém con A cia X chia phin ti
trung hoa cia X thi A 12 mét vi nhém va duge goi 1a vi nhém con
cia X.

Vi du 13. Trong tap Z xét C 1A tap con céc sé chdn va L la tdp
con cdc sd 1&. Khi 46 C 1a vi nhém con cha vi nhém (Z, +), L 1a vi
nhém con cua vi nhém (Z, .).
Vi du 14. Xét tap R véi phép todn
ach=a+b-ab
va tdp con S = [0, 1]. Vi moi a, b, c € R tac6
(acb)oc = (a + b — ab)ec
=a+b-ab+c-cla+b-ab)
=a+b+c—ab-ac-bec+abe
Tuong tu ta tinh duge ao(boc) va cb (ﬁob)oc = ao(boc).

rolmie ag g 17



Vi phép todn o két hop nén (R, o) 12 mét nita nhém.

Moia,be R,tacéacbh=a+b—-ab=D0b+ a— ba = boa nén
phép todn o giao hoan.

Moiae R,tac6é ac0 =a + 0—- 2.0 = a, Ooa = a.
Do d6 0 1a phén ti trung hoa cta phép todn o.

Vay (R, o) la mét vi nhém giao hodn. Theo vi du 5, S 13 nia
nh6m con cia (R, o). Do 0 € S nén S 13 vi nhém con cia (R, o).

Vi du 15. Néu X 12 nda nhém thi X 14 mdt mia nhém con ctia

X. Néu X 1a mét vi nhém thi X va {1 } 12 vi nhém con cta X.

X

§7. PONG CAU NUA NHOM

Cho hai nita nhém (X, *) va (Y, o). Mot dnh xa
f:X-5Y
goi 1a mét déng cdu nia nhém néu
fix +y) =f{x)ofly) véi moi x, y € X.

Néu X va Y déu 12 vi nhém thi dong cdu nira nhém goi 1a déng
cdu vi nhém.

Khi 4nh xa f 12 don 4nh, toan dnh, song 4nh thi ddng céu f

tuong g dude goi la don cdu, toan cdu, ddng céu.

Vidu 16. Cho £ : (N, +) - (N,), fln) = 2"

0 _ 9™ 9" — f(m).f(n) véi moim, n € N,

nén f 1a déng cdu. D& thdy f 12 don 4nh nén f1a don cu tir (N, +)
vao (N, .). Chu y réing f ciing la don c8u vi nhém.

Tacé6 fim +n) = 2

18



Vi dy 17. a) Cho X 13 mdt nita nhém (vi nhém). Khi 46 dnh xa
dbéng nhat

Iy : X X Iyx)=x véimoix € X
la ddng cAu nda nhém (vi nhém).
b) Cho A 14 mét nida nhém con cia X. Khi 46 4nh xa
jA:A-—>X, jA(x):x véimoi X € A
la don cAu nita nhém, goi 12 phép nhing chinh tdc A vao X.
¢) Cho X 12 mét nira nhém, Y 12 mot vi nhém. Khi dé dnh xa
f:X-> Y, fx)=1, vdimoix e X
12 déng cAu nia nhém. Pic biét, néu X 13 vi nhém thl dnh xa
f:X - X, flx) = 1y vdi moi xe X la déng célu vi nhém.
Dinh 7. Cho f: (X, ) — (Y, o) t1d mé6t dbng cdu nida nhém. Khi dé
1) A 12 nda nhém con cida X th! f(A) 14 nda nhém con cia Y.
2) B 14 nija nhém con cia Y th £ (B) Ia na nhém con ciia X,
CHUNG MINH. 1) Ldy tuy § y,,y, €f(A). Khi d6 ton tai
X, X, € A sao cho f(xl) =y f(xz) =Y, Tu dé
Y 0¥y = f(xl)of(xz) = f(x1 * X,)

Vi x *X, € A npén Y, oY, e f(A). Vay f{A) 14 na nhém con

1

cia Y,
2) Léy tiy y x,, %, ef ' (B). Khi dé f(x,), f(x,) e B. Do B Ia

nda nhém nén f(x,)of(x,) = f(x, +x,) e B. Suy ra x, xx, € £t (B).

1

Vay ' (B) 12 nita nhém con cia X.
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Vi du 18. Theo vi du 16 ta ¢c6 {N) = {2" In e N} 1a nita nhém

con cua nhém (N ,.).

§8. NUA NHOM SAP THU TU

1. Ni¥a nhém sip thd ty
Cho (X, *) 12 mdt mia nhém giao hodn va < 14 mdt quan hé
thif ty toan phan trén X. Néumoi x, y, z € X

X<y=>x%xz<yx*xz (1)
thi (X, *, <) goi 12 mét niza nhém sdp thu tu.

Néu x <y va x = y thi ta viét x < y. Néu diéu kién (1) thay béi
diéu kién .
X<Yy=SX*2<y*2

thi nia nhém goi 12 nda nhém sdp thu tu nghiém ngdgt.

Trén N hosc Z ta c6 quan hé thi ty théng thudng :

m<nnéuténtaik € N saochom + k = n.

Ta ¢6 < 1a quan hé thi ty toan phén trén N vatrénZ.

Vi du 19. a) (N, +, <), (N ,., <) 1a nira nhém sdp thd tu
nghiém ngiit; (N ,., <) 1a nda nhém s¥p thd tu (khéng nghiém ngat)

b) (Z, +, <) 12 nia nhém sdp thi tu nghiém ngat; (Z,.,<)
khéng la nia nhém sép thi tu.

¢) Moi nira nhém con cia mdt nifa nhém sip thi ty la nda
nhém sip that ty,
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2. Pong ciu don didu
Cho (X, <) va (Y, <) 12 hai tap dugc sdp. Mot danh xaf: X > Y
goi 1a don diéu néumoi x,y € X
x <y = fix) < fly). (2)
Néu diéu kién (2) duge thay bdi
X <y = flx) < fly)
thi f duoe goi 1a don didu nghiém ngdt.

Mot dong cau goi la déng cu don diéu hay don diéu nghiém
ngat néu 4nh xa f ¢6 tinh chat dé.

Vidu20.f: (N, +)—> (N, +), f(n) = 2n v6i moi n € N la dong

cdu don didu nghiém ngat.

8. N\ita nhém sip thi ty Archimedes

Cho nita nhém sdp thif ty nghidm ngit (X, *, <). Phén tira € X
goi 12 phdn ti duong néux <a*xvéimoix € X

Nia nhém sip thi tu nghiem ngit (X, , <) goi la sdp tha tu

Archimedes n&u moi a, b € X, b 12 phén tif duong, ddu ton tain € N
sao cho

a<bxbx.. *xb(nlan)

Néu X 13 nia nhém cong thi didu kién trén duge viét lai 1a
a < nb.

Vi du 21. a) Trong (N, +) va (Z, +) phan tr duong 12 moi a N .
Trong (N,.) phén tirduong lha=0,a# 1.

b) (N, +), (Z, +), (N,.) la nita nhém s&p thit ty Archimedes.
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1.1.

1.2

1.3.

14.

1.5.
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BA! TAP CHUONG |

Xét cdc tinh chat va phan tir dac biét cia cdc phép todn :

ayms+n=m+ 2n trén N;
bym#*n=m2" trén N.

com*n = m+n2 trén Z.

Trén N dat :
a)a * b = UCLN (a, b),
b)a ® b = BCNN [a, b].
* vd ® c6 1a phép todn trén N khéng ? Néu 1a phép todn hay
x6t cdc tinh chét va cdc phdn td dic biét.
* . n .
Trén N véi phép todn m #+ n = m . Ching minh ring
almxn)*p=ms+nsxp)<m=1hoicp=1hoicn=2,p=2.

b)Neum«nthim+n=n+mom=2n=4.

Cho * 12 mét phép toan trén X. Ching minh riing tap con
S=(xeXl(xxy)*xz=xx%(y=+2)vdimoix,y e X)

8n dinh v6i phép todn trén X va (S, *) 1a mdt nita nhém.

Ching minh ring cdc t4p va cdc phép todn tuong img sau day
14 nhitng nita nhém giao ho4n.

a) R, x*xy=x+y+Xxy.

by N X ®y=x+y+2



1.7.

1.8.

1.9.

1.10.

1.11.

Trén R xét phép todn a * b = lalb. Ching t3 (R, +) 1a mét
nita nhém khéng giao hodn.

Phép todn + trén X goi 12 liy ddng néu x * x = X véi moi x.

Cho (X, ) 12 mét nia nhém giao hodn liy ding. Trén X dat
X<ynéuxxys=y.

Chiing minh < 14 mdt quan hé thi ty trén X,

Ki hiéu #(X) 12 tap tat ca cdc tap con cia X,

a) Ching té ( # (X), U) 12 mét vi nhém giao hoan. Tim cdc
phan ti kha déi ximg ctia vi nhém nay.

b) Ching t3 ( # (X), n) 124 mdt vi nhém giao hodn. Tim céc
phan tir kha dai xiing ctta vi nhém nay.

Trén tap S = {0, 1] dat a + b = min{a + b, 1}. Ching té (S, *)

la mét vi nhém giao hodn. Tim cdc phén ti kha déi xiing ciia
vi nhém nay.

Cho X 13 mdt nira nhém va a, b € X 1a hai phan tif thda mén
ab = ba. Chdng minh ring (ab)” = a"b" véi moin e N
Trong nita nhém X* cdc 4nh xa tir tdp X vao tip X véi phép
toan hop thanh ciia 4nh xa, ching minh ring

a) f théa man luat gidn udc trii (tice fog = foh > g=h) < fla
don dnh.

b) f théa min ludt gidn ube phai (tdc gof = hof = g = h) &
f la toan anh.

¢) f thda mén luat gidn ude < f 13 song anh.
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CHUONG It
NHOM

§1. DINH NGHIA VA TINH CHAT

1. Dinh nghia nhém

Mgt vi nhém duge goi 14 mét nhém néu moi phan tif clia né
déu kha déi xing.

Néu phép todn cha nhém giao hodn thi nhém duge goi la
nhom giao hodn hay nhém Abel.

Nhu vay nhém cé thé duge dinh nghia tryc ti€p nhu sau :

o Tép X cung voi mét phép todn nhén trén né goi la mét
nhém néu théa méan cdc diéu kié¢n sau

(G,) Moix,y,zeX

(xy)z = x(yz)
(G,) Tén tai 1, € X (goi la phdn td don vi) sao cho v6i moi
xeX
lLyx=xl, =x

(G;) Moi x € X tén tai 2 leXx (goi la phan i nghich ddo
cia x) sao cho

xle=xxl=1
- =1,.

e Tdp X cung voi mét phép todn cong trén né goi la mét

nhom néu thda méan cdc diéu kién sau
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(G;) Moix, y,z2eX
x+y)+z=x+(y+2)
(G,) Tén tai 0y € X (goi la phdn ti kﬁéng) sao cho vdi moi
xeX
Oy +x=2+0y =2
(Gy) Moi x €X tén tai —x € X (goi la phén tit doi cia x) sao cho

(=) +x=x+(=x)= OX'

Nhén xét 1. Trong mét nhém nhén cé phép chia (:) duge dinh

nghia nhu sau : X:ys= xy~1 .

Trong mot. nhém cdng c6 phép trit (~) duge dinh nghia nhu
gaw: X —y = X + (-y).

2) Thong thudng, phép céng duge st dung khi nhém la giao
hodn, con phép nhan dugc st dung cho cd nhém giao hodn vi
khong giao hodn. D& don gidn ki hiéu, cdc ké&t qua li thuyét vé sau
ta thudng chi xét véi nhém nhédn. Tuong ty nhu trong chuong 1, dé
dang chuyén cdc két qud nay cho nhém cong hay nhém véi phép
todn tiy .

3) Theo dinh nghia thi mét nim nhém c6 thé la tap réng, con
nhém bao gid cing chda it nhat mdt phén i, d6 1 phén tif trung hoa.

Vidy 1. a) (Z, +), (Q, +), (R, +) ]1a nhém Abel. Phdn t&
khéng 1a 0, phin ti déi cdia x 12 — x.

b) (Q',), (@,,) 13 nhém Abel. Phan ti don vi la 1, phan ti

nghich ddo cta x 1a +.
' X
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¢) Tap Sy céc song 4nh tir X 1én chinh né véi phép hop thanh
dnh xa (tich 4nh xa) 13 mdt nhém. Phan t& don vi cia Sy 1a Iy,

phén ti nghich ddo ciia f1a £, 4nh xa ngude cda f. N&u X ¢6 nhidu
hon hai phan ¢ thi Sy khong giao hodn. Néu X = {1, 2, .., n} thi

Sy dugc ki hiéu 1a S_ va goi 1a nhom cdc phép thé bac n.
Vidu2 Véimbik e N cf dinh ta dinh nghia quan ha S trén Z
xSynéux-y:k

D& dang kiém tra S 12 quan hé tuong duong trén Z . K{ hiéu
tap thuang cha Z theo quan hé Sla Z,. Ta cé

Z, = {0, 1., k- 1},
trong d6 j={xeZlx -j:k}, goi la 16p dong du véi j theo madun k.
Trén Z, ta dinh nghia phép cong va nhan nhu sau

m+n=r,rla s§ du trong phép chia m + n cho k.
mn = s, s la s& du trong phép chia m.n cho k
Dé dang kiém tra ring : (Zk’ +) 1a mdt nhém Abel, phén td
khéng 1a 0, phén tir d6i cia ™ la k-m; (Z,,.) 1a mdt vi nhém
giao hodn v6i phén tit don vi la 1.
Ta ki hiéu Z, =2, \ {0).
C6 thé ching minh ring n&u k > 1 thi (z'k, ) la nhém khi va
chi khi k 1a s6 nguyén t5. Chéng han {z;, ) khéng 12 nhém vi

phan tir 2 khéong cé phan tit nghich dao (2= 1 véi moij = 1, 2, 3).
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Véi moi m, B,Be-zk ta cdn ¢é E(E+B):E§+EB.

2. Tinh chét cia cic phdn ti trong nhém
N&u a 12 phan ti cia mdt nhém X thi ta dinh nghia

a =1
a" =aa.a (nldn) néun>0

-1 Jn|

a" =(a néun <0,
Theo nhan xét 1 va 2 chuong I, suy ra :

1) V4i moi phén tif a cda mot nhém X va p,q € Z tacé

Pq

aPd = @P)7,

2) Véi moi phén tir a, b clia mét nhém X vaim € Z tacé
(ab)" =a"b™.
Theo dinh li 5 chuong I suy ra :
3) Véi moi phén tif a, b cia mét nhém X ta c6
(@) =g, @)y =bal.
Theo dinh Ii 6 chueng I suy ra :

4) Moi phan tir cia mdot nhém X déu théa man luat gian uéc,
tdc la moi a, b, c € X

ab=ac=b=c;ba=ca=>b=c.

27



§2. NHOM CON

1. Pinh nghia nhém con

Cho X 1 mdt nhém va tap con A cha X én dinh véi phép todn
trén X. Néu A ciung v6i phép todn cdm sinh 12 mdt nhém thi A goi
la nhém con caa X,

Mst cdch tuong duong, nhém con c6 thé dinh nghia nhu sau : -

Tép con A ciia nhém X goi la mét nhém con cia X néu théa
man ba diéu kién sau day :

1) Moix,y e Adéucéxy e A;
2) 1, €A;

3) Moi x € A déu c6 s 1eA

That viy, néu A thda man ba diéu kién trén thi vdi phép todn
cam sinh A 13 m{t nhém, do d6 A 14 nhém con cha X. Nguge lai
néu A 12 nhém con cia X thi do A én dinh véi phép todn trén X

nén ¢6 17. Goi 1, la phén tik don vi cia nhém A thi
1,1 =1,.1,,vi 1, théa man lujt gidn udc nén 1, =1, ¢ A, tic
1a c6 27. V6i moi x €A ky hisu x:: la nghich ddo cia x trong A.

Khi d6 x.x ' :x.x;: (= lx), vi x théa méan luit gidn udc nén

x = x;} e A, tic 12 cing c6 37.

Nhén xét 2. 1) Néu A 1a nhém con cia nhém X thi don vi cia A
ciing chinh la don vi cia X; nghich ddo cia x € A trong A cing
chinh 14 nghich d3o cla x trong X.
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2) Néu A la nhém con ciia mft vi nhém X (tic 1a véi phép
todn cim sinh A la mét nhém) thi diéu néi trén c6 thé khéng ding.
Ching han : (Z,.) 1a mét vi nhém, A = {0} c Z hién nhién 13 mét

nhém con cia (Z,.). Pon vi ehia A la 0 khde don vicia (Z,.) 1a 1,
nghich ddo cia O trong A 1a 0 con 0 khéng kha nghich trong (Z,.).

Vi dy 3. 3) Tap con cdc s6 nguyén chéin 12 nhém con clia nhém
(Z,+).

b) Q, 1a nhém con cia nhém (Q",.).

¢) {-1,1} 12 nhém con cia nhém (R* ).

d) Véi moi nhém X, cdc tap {1x} va X 1a nhém con cia X. Cde

nhém con nay goi 1a cdc nhém con tdm thuong cia X.

2. Cdc tiéu chufin ciia nhém con

Binh li 1. T4p con A cta nhém X 1a mét nhém con cia X khi va chi khi
thda man céc didu kién sau

1VA=O

2)x,ycA=>xycA

IYIxcA=> xTeA.

CHUNG MINH. Hién nhién 2% = 1) nén tir 1°/, 2°/, 3°/ suy
ra l), 2), 3).

Nguge lai, néu ¢6 1), 2), 3) thi do 1) tdn tai x € A, do 2) ton tai
X e A, tirdé do 3) 1, =xx '€ A, tic 12 6 27. Vay tir 1), 2), 3)
suy ra 1%, 2%, 3%. |

Dinh I 2. T4p con A cla nhém X 14 m§t nhém con cida X khi va chi khi
théa man céc diéu kién sau
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WA=Q
xyecA=xy'eh
CHUNG MINH. Hién nhién 2°/= 1). Vi moi x, y € A theo 3°/

X,y '€ A, theo 2°/ xy "€ A, do d6 ¢6 2). Vay tir 1°/,2°/,3°/ suy ra
1), 2). ‘

Ngugc lai, néu c6 1), 2) thi theo 1) tén tai x € A, theo 2)
1y = xx le A, ticla 2°/. Véi moi x € A theo 2) x = 1)(11:‘1 € A,
tide la c6 3°/. V6i moi X, y € A ta cé x, y-le A, ti d6 theo 2)
Xy = x(y_l)_l € A, tic 1a c6 1°/. Vay tir 1), 2) suy ra 1°/, 2°/, 3°/.

3. Nhém con sinh bé&i mot tap

Cho S la mét tadp con cia nhém X. Ta goi nhém con cla X
sinh bot tégp S la nhém con nhé nhéat chda tap S, ki hiéu 1a [S].
Nhu vay nhém con (S] sinh bdi tap S ¢6 hai tinh ch4t dic trung :

1% [S] 12 nhém con cua X;
2% Néu A 14 nhém con cia X va A o S thi A o [S).

Dinh li 3. Moi tdp con S ciia nhém X 16n tai va duy nhat nhém con [S)
sinh bdi 14p S.

CHUNG MINH. Goi B 1a ho tit ca cdc nhém con cla X chda S.

Vi X e B nén B = @. Ta sé ching minh

[S}= ~ B.
Be.#
Theo dinh nghia ta chi cAn ching minh A = BnﬂB 12 mot nhém
€.

con. Thét vay, 1, € B véi moi Be® nén 1y € A Néu x, y € A thi x,
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y € B véi moi B € B. Do B 12 nhém nén xy e B v6i moi B € B.
Vay xy ' € A. Theo dinh 1i 2, A 11 nhém con cha X.

Nhén xét 3. [D] = 1){'

Cho A 1a mdt nhém con clia X. Tap con S cha X sao cho [S] = A
goi 13 tdp sinh clia nhém A.

Hién nhién {A) = A nén tép sinh cia mdt nhém luén tén tai.
Mot nhém cé thé€ 6 nhiéu tap sinh khdc nhau.

Vi du 4. Nhém con kZ = {(knlne2} (k € ‘Z cd dinh) cda
(Z ,+) sinh bdi t4p mdt phéan tir (k). '

That vay, ki hiéu [k] 14 nhém con clia Z sinh bdi tap mét phdn
ti k. Khi d6 ta c6 k e [k] va do d6 -k e [k). Ti d6 t6ng mdt s& tuy ¥
clia cdc phén tif + k ciing thuge [K), tic kn € [k] véi moi n € Z. Suy
rakZ c[k)l. VikZ cing la nhém con chia k nén kZ = [k].

4. Nhém con cyeclic

Cho X la m{t nhém. V61 moi a € X ta goi nhém con [a] sinh
bdi phan ti a 14 nhém con cyclic cda X. Néu tdn tai a € X sao cho
X = [a) thi X goi 14 nhdm Cyclic.

Binh 1i 4. Nhém con cyclic [a] cda nhém X 14 t4p 14t ca cac phdn 1
ciaXcédang a", me Z.

CHUNG MINH. Pat B = {am Ime Z}, ta ching minh [a]l = B. Vi

a, a le [al nén a™ e [a] véi moi me Z, tic 1a B < (a). Mat khéc
a € B va moi am,aIl B ta cé
A" (@)t =ama™ =a™" e B

nén B la nhém con chita a, suy ra B > [a]. Vay B = [al.
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Hé qua. Moi nhém con cyclic déu 12 nhém Abel.

CHUNG MINH. Theo dinh I 4, moi phin tif cha nhém cyclic déu

m m n m+n n+m n m "
¢6 dang a . Ta ¢6 a a =a =a =a a nén nhém la

nhém Abel.

Binh i 5. V3i moi nhém con cyclic A = [a] cé6 m§i va chl mét trong hai
kha ndng sau day :

1) T6n tai n > 0 sao cho A ¢d ding n phén 7 va
A={ad,..a""}

2) A ¢6 v6 han phén 1 va

A-——{a”'lmeZ},rfongdé aP = a% vdimpip =q.

CHUNG MINH. Né&u 2) khéng x4y ra thi tén tai p > q sao cho
a® =al, a¥ 1= ly V6ip —q>0. Goin la 56 nguyén dudgng nhé
nhat d€ a” =1, . Ta s& ching minh A = {a°, a,.., a““}. Véi moi

m e Z ta viét

m=nk+r, 0<r<n-1
Khi dé am =ank+r =(an)k.ar =1Xar —a".

Vay A chi chia cic phén td a°a',...,a™ . Véi moi

r,5,0<ry <r,<n-1,donla 86 duong nhé nhdt d€ a" =1, , ta

2 X1

I, —T,

c6 al ts 15, suy ra alza?, Vay A 1a tap c6 ding n phén tg,

A= {ao a,.a""
Ta goi cdp clia mdt nhém X 12 s8 phén tif ca X néu X c6 hitu

han phén t&. Trudng hop X cé v6 han phéan tir thi ta néi X c6 cdp
v6 han.
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Ta goi Cép cia phdn t a ciia nhém X 14 cAp cta nhém con [a].

Vi du 5. a) (Z ,+) 14 nhém cyclic cdp v han vi Z = [1] hoae
Z =[-1].

b) (Z,+) 12 nhém cyclic cdp 6 (sinh béi 1), phén tir 2 ¢6 cap
3, phin ti 3 c6 cap 2.

§3. NHOM CON CHUAN TAC.
NHOM THUONG

1. Lép ghép cia mit nhém theo mét nhém con
Cho X 14 mét nhém va A 1a mdt nhém con cia X,

Trén X xét quan h¢ xS,y néu x_ly eA.

o S, la mét quan he tuong duong trén X.

That vy, moi x € X, X lx = 1y € A nén xS x vy S, c6 tinh
chat phdn xa. Moi x, y € X néu xS,y thi x_ly € A, suy ra
y_1x=(x_1y)_1 € A nén yS x vay S, c6 tinh chdt d8i xing.
Moi x, y, z € X néu xS,y va yS,z thi xﬂly v y_lz € A, tx 46
x 'z = (x 'y)(y"'2) € A nén xS,z vay S, c6 tinh chat bc ciu.

Lép tuong duong cia X theo quan hé tuong duang S, chva x la
-1 -1
{yeXIx yeA}={y|x y=a,aeA}

= {y=xalaeA}.
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Ta goi XA = {xalae A} 1a lop ghép trdi cha x theo nhém con
A. Khi d6 16p tuong duong chia x theo quan hg tuong duong S,
chinh 1a xA.

Tuong tu, quan hé xSpy néu yx_1 e A cing la quan hé tuong
duong trén X. Lép tuong duong chia x theo quan hé tuong duong
Sp la

Ax = {ax lae A}
goi la lép ghép phdi cla x theo nhém con A.

Chi ¥ ring n&u X 12 nhém cong thi 16p ghép trdi va phai theo
nhém con A sé la

x+A={x+alaeA}
A+x={a+xlaeA}.

Hién nhién riing 1y A = Al, . Néu nhém khong giao hoan thi
néi chung xA # Ax.

2. Nhém con chufin tdc

Nhém con A cua nhém X goi 1& nhém con chudn tdc néu xA = Ax
v6i moi x € X

Né&u A 1a nhém con chuén tic cda X thi ta ki hidu A<X.
Vidu 6. a) E = {1, }va X 1a esc nhém con chusn téc ciia nhom X.

b) N&u X 14 nhém Abel thi moi nhém con cia X déu 1a nhém
con chugn tic.

Binh 1i 6. Nhém con A ca nhém X 1a nhém con chudn tdc khi va chi
khi véi moi xeX va a € A déu c6 xax~! € A.
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CHUNG MINH, Néu A<X thi moi x € X, XA = Ax. Moi a € A thi
xa € Ax,dod6ton taib e Adéxa=bx = xax T=b e A.

Nguoc lai, v4i moi x € X, a € A, xarf1 € A = xa € Ax v4i
moi a € A = XA c Ax. Ta ciing c6 xtax T e A= xtax e A
= ax € XA v6i moi a €'A = Ax c xA. Vay XA = Ax hay A<X.

Néu A<X thi xS,y x! yeA o 1»((11-1y)x_1 e Ao yx_1 €
Ao xSp'y. Ta ki hiéu chung hai quan hé Stvé Sp la x = y (mod
A) va goi 12 quan hé déng du theo médun A.

Vidu 7.Vimoim >0, mZ <J(Z, +). Dods

x=y(mod mZ)
SX-yemZ
SX-y:m
< x =y (mod m).

Nhu viy quan hé déng du theo médun mZ chinh 14 quan hé
déng du theo médun m quen biét.

3. Nhém thuong
Cho A 1a mjt nhém con chufn tic cia X. Ta ki hiéu
%={xA|xeX}={AxlxeX}

12 t4p thuong cia X theo quan hé déng du médun A. Ta cing goi
X/, 1a tap thuong cila X theo nhém con chudn tde A.

Trén ¥/, ta dinh nghia
XA yA = (xy)A.

NéuxA =xA, yA=yAthi x 'x'=acA,y y=beA.
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Tir d6 (Xy)_l(x'y') = y_l(xﬂlx')y' — vy lay'
= (y_lay)y_lf =(y'ay)be A.

Vay (xy)A = (x'y")A, nghia 1a dinh nghia trén xdc dinh mét
phép toan nhén trén % .

Pinh i 7. (¥/, ,.) ta mét nhém.

CHUNG MINH. Hién nhién moi xA, yA, zA ¢ X/ ta c6

(xA.yA).(zA) = xA.(yA.zA) vi cung bing (xyz)A. Viy phép todn la
két hop.

Véi moi xA € X/, 1A  xA=xA. 1,A=xAnén 1,A la
phén t& don vi.

Véi moi xA € ¥/, x_lA.xAzxA.xlezle nén x A I
nghich déo ctia xA.

Nhém X/ goi 1a nhém thuong cia nhém X theo nhém con
chudén tdc A.

Vidy 8 Véi moim > 1, mZ la nhém con chuén tée cia (Z ,+).
Céc phén tif cha %/ , c6 dang x + mZ, 12 tap céc s8 nguyén déng du
v6i x theo médun m, ky hiéu 14 x. Phép todn (x + mZ) + (y + mZ)
=(x +y)+ mZ trong %/ , ciing chinh la phép todn cong cia céc 16p
déng du theo médun m :

X+y=%T7.

4. Dinh li Lagrange

Binh li 8. N&u X /A mét nhém hiu han thl moi nhdm con A cia X cing
hdu han va cdp cda nhém con A la vde s6 cia cdp cha nhém X.
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CHUNG MINH. Xét 16p ghép tréi xA cGa X. Vi 4nh xa ¢ ;1 A o xA,
o(a) = xa 1A mdt song 4nh tir A lén xA nén moi 16p ghép trai déu c6
s6 phén tif bing cfp cia A. Goi X A, X,A,..., X, A & cdc 16p ghép
k
tr&4l khéc nhau cia X Khi d6 X = }ul XA, x AN xjA = v6i moi
i=
i # ). Tir d6 cAp cia nhém X bling k 14n cAp cia nhém con A.

Nh@n xét 4. Cho X 1a nhém c&p n, A 1a nhém con chuédn tdc cap
m, X/ c6 cfip k. Theo dinh If Lagrange ta c6

n:m=k.

§4. PONG CAU NHOM

1. Dinh nghia va tinh chat

Cho X va Y 12 hai nhém, d€ don gidn ki hiéu ta déu xét phép
todn trén ching !4 phép nhén, chi y rdng phép todn trén X va Y
néi chung 1a khde nhau.

Mot dnh xa f: X - Y goi 1A mét déng cdu nhém néu m_gi
%, y € X déu cé flxy) = fix) f(y).

Pinh 1i9. Cho f: X — Y la mét déng c4u nhém. Khi d6

1) f(1x)=1.

2)Vaimpix e X, f(xT)=[Hx)]".

CHUNG MINH. a) Vi 1}(.1x =1y nén f (1x).f(1x) =f (lx). Theo
luit gidn ube ta c6 f(lx) = 1Y'

b) Moi x € X, xx ' = 1y nén f(x) f(xhl) =flg)=1y.
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Do phén tif kha nghich ciia fix) 1a duy nhit nén
Fx™) = [FGOT

Khi 4nh xa f: X - Y 12 dom 4nh, toAn 4nh, song 4nh thi déng
céu f duge goi tuong ing la don cdu, toan cdu, ddng cdu.

Dong cau f tir nhém X vao chinh né duge goi la tu ddng cdu.

Vi dg 9. a) Z 12 nhém cong cde s8 nguyén, X 12 mdt nhém
nhan bt ki va aeX 12 mdt phan tir ¢6 dinh. Anh xa f: Z — X,

flm) = a" la mdt déng cAu nhém.
b) Anh xa f: (R,+) - (R,,.), f(x) = 2* 12 mot ddng c&u nhém.

¢) Cho X va Y 1a hai nhém. Anh xa x 1, véi moi x € X la

mdt déng cAu nhém tir X vao Y. Pdng cAu nay goi 1a déng céu tdm
thudng tir X vao Y.

d) Cho X 12 mdt nhém. Anh xa déng nh4t 1y: X — X la déng
cdu'nhém.

e) Cho A 12 mdt nhém con cia nhém X. Anh xa jA: A5 X,
4 (0 = x 1a don cdu nhém, goi 13 phép nhiing chinh tic A vio X.

f) Cho X la mdt nhém va A 12 mdt nhém con chuin tic cia X.
Anh xa p : X > X/, p(x) = XA la mot toan cdu, goi 12 fodn chu
chinh tdc X 1én X/, .

Pinh i 10. Cho . X - Y, g : Y — Z I3 cdc dbéng céu nhém. Khi dé
h:X > Z h=gofld déng cdu nhém.

CHUNG MINH. V6i moi x, y € X ta ¢6

h(x.y) = gf(x.y)) = g(flx)fly))
= g(f(x)). gfly)) = h(x).h(y), do d6 h 14 ddng cau.
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Binh li 11. Néu £ X — Y 4 mét déng céu th) dnh xa nguge £ 1 Y - X
ciing 13 ddng cdu.

CHUNG MINH. Vi f la song 4nh nén 4nh xa nguoe £ = tén tai va
ciing 13 mot song 4nh. V6i moi x', y' € Y ton tai duy nhét x, y € X dé
fix) =x, fly) =y. T d6

'y = £ f(x) fy))

= £ (flxy)
I, (xy)

Xy
) £ ).

Vay £ 1a déng cfu va do 46 1a ddng cdu.

2. Anh va hat nhén cia déng cfiu.
Pinh1i12. Cho h : X - Y 14 mét d8ng cdu nhom. Khi dé
1) A 12 nhém con ciia X thl f(A) 14 nhém con cia Y.

2)Blanhémeoncia Y thi f -1 (B) 1a nhém con cia X.
CHUNG MINH. 1) Ly tiy § y,, y, € f(A). Khi d6 tén tai X,
X, € A saocho f(x,)=y,, f(x,) =y,. Tirdé

vy ¥y =) (£06)) = ) €51} = £ (')

Do Xlx;l € A nén y, y;1 e f(A). Mat khde 1, =f(1,) e f(A)
nén f{A) 12 nhém con caa Y.

2)Laytuy ¥ x;, %, € £ 1(B). Kni d6 f(x,), f(x,) € B.
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Do B la nis nhom nen fx).(fx))” = fapf(x;!) =

=f(x .x_l) e B. Ty d6 suy ra x

% x, €f ' (B). Hién nhién

1
1, e £~ (B)nén ' (B)1a nhém con cia X.

Cho f : X - Y 1a mét déng cdu nhém. Theo dinh 1f 12, f{iX) la
mdt nhém con cua Y, ta goi nhém con niy 13 dnh cua f, ki hidu 1a

Imf; £ ({IY }) = (IY) 14 mot nhém con ciia X, ta goi nhém con
nay la hat nhdn cia f, ki higu 1a Ker £,

Pinh i 13. Cho f : X = Y JA mét d8ng cdu nhdm. Khi dé

1) Ker 113 mét nhém con chudn tdc cda X.

2) f 12 don c&u khi va chi khi Ker = {1x}.

CHUNG MINH. 1) LAy tuy y x € X va a € Ker f. Ta ¢6 fixax )
= fix) fla) £x ) = Rx) 1y (fx)) " =1,. Tir dé xax e Ker f. Véy
Ker f < X.

2) Gid su f 12 don cdu. V6i moi a € Ker f ta ¢6

f@) =1y = f(ly) >a=1; . Tirds Ker f= {1,}.

Nguge lai, gid st Ker f = {lx}. Véi moi x,yeX, fix) = fly)
= fx) . (fy) " = 1, = f(x.y—l) =1y = xy ' e Ker f
= xy " =1, =x=y. Vay fla don snh.

8. Dinh 1li dong cfu nhém

Pinh li 14. Cho f : X > Y Ja mét dbng c4u nhém, p : X — ’%e,, la
toan cdu chinh tAc tr nhém X l1én nhom thuong )%(e, ¢- Khi do 16n tai duy
nhét don cdu f:Xf , — Y saocho fop=1.
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CHUNG MINH. Sy ton tai : Dit A = Ker f. Ta s& chi ra
f: XY, f (xA) = f(x) ¢6 cdc tinh chdt ddi hai.

That vay, hién nhién f la dnh xa. Véi moi xA, yA e ¥/ tac6
f (xA.yA) = f (xyA) = f(ixy) = f(x) fly) = f (xA).f (yA)

nén f 1a déng céu. Gid sixA, yA e ¥, , xA#yA> x 'y e A

= f(x y)# 1, = (f) fy) = 1y = fix) = fly)

= f (xA) # f(yA). Vay { 12 don cau.
Cudi cing, v6i moi x ¢ X ta c6 fop(x)=F(xA) = flx) nén
fop=1f..
Tinh duy nhét : Néu f' : X/ — Y cing c6 tinh chat ddi hai
thi 'op = £ . Tir d6 v6i moi xAe %/, tacé

£ '(xA) = ' (p(x) = fix) = T (xA).
Vay f' = f.
Hai nhém X va Y duge goi 1a ddng cdu véi nhau, ki hien X = Y,
néu tdn tai mot ding cflu f : X - Y. Theo dinh li 13 dé dang thdy

rling quan hé ding cdu giita cdc nhém c6 cdc tinh chat phan xa, dai
xitng va bie ciu.

Néuf: X - Y 13 mdt don cu thi f: X - fX) 1a mét ddng cdu.
Do dé ta c6 X = f(X).

Tir dinh 1f déng cdu nhém suy ra : N&u f : X - Y 12 mét toan
cdu thi ta ¢é yKer f =Y.
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§5. NHOM SAP THU TU

Cho (X, .) 12 mét nhém Abel va < 12 m¢t quan hé thua tu toan
phén trén X. Néu (X,., <) 12 mt nira nhém sip thyd tuy thi (X,., <)
goi 12 mot nhom sdp thu tu, tdc 1a moi x, v, 2 € X, x <y déu c6
xz < y2. Trong nhém sép thi ty dé thdy x < y kéo theo xz < yz. Do
d6 moi nhém sép thi tu déu la sdp thit ty nghiém ngat.

Trong nhém s#p thit ty X < ax & 14 < a, do d6 phan ti a cia
nhém sdp thi tu X goi 12 duong néu 1y < a.
Nhgn xét 5. 1) Néu (X,., <) 1a nhém sdp thd ty thi mgi nhém
con cia X cling 12 nhém sip thir tu.
2) Trong nhém sdp thi tu ta c6
a<b,e<d=ac<hbd

a<b,c<d=ac<bd

Binh li 15. Cho (X,., <) 1a mdt nhém sdp thu Wy, P 13 tap céc phédn 10
duong cua né. Khi dé
1)abeP=abehP
2) Mgi aeX thi hodc aeP, hodc a ' e P hodc a =1y ;
3)a,beX,a<b<3ba_1eP;
4) 1y <aeal <lx.
CHUNG MINH. 1) Moi a, b € P, lx < a, 1X< b = b < ab,

1X <b = 1x<ab.VayabeP.

2) Hién nhién 1, ¢ P. Néu a va a  ddng thoi thude P thi

theo 1) 1y -—aa e P, ta gip mau thuin. Néu cid a va a ' déu
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khong thujc P va a=1y thi a<ly, a_1<1x = a<ly, 1y <a

X
= a=1y, ta ciing g#p miu thudn.

3)a,beX a<be aa‘1<ba_1¢alX <baleobaleP.
H1 l,alcan loal<l

)1y <aelya <aa oa <lg.
Pinh )i 16. Cho (X,.) iA mét nhom Abel, P 12 m@t 1dp con cla X thda

man cdc didu kién

1)a,beP=>abeP;

2) MBi a e X thl hodc aeP, hoac a > e P hofic a = 1, . Khi 6 data <b
ndua=bhodc ba - e P thi <13 mot quan hé thir by trén X va (X,., <) 13 mbt
nhém sdp thi .

CHUNG MINH. V6i moi a € X, a < a nén < ¢6 tinh chét phan xa.
Néu a < b, b < a vh a = b thi ba e P, able P o
1, =(ba 'Xab ') € P ta gip méau thuin, dod6a<b,b<athia=b,
tic < ¢6 tinh phén xiing. Néua <b, b <cvaa=Db hodcb = ¢ thi hién
nhién a < ¢c; néu a # b va b # ¢ thi bale Pva b le P =
ca™l = (b )(ba_l) € P = a <c vAy < ¢6 tinh chét bic cdu.

Véi moi a, b € X, néu ba ‘e P thia< b; n&u ba e Pthi
abl € Pnénb < a; néu ba! =1, thi a = b. Do d6 < 1a quan h¢
thif tu toan phén trén X.

Cuéi cung néua, b, x € X, a <b thi ax <bx vi
(bx)(ax) - =ba ' e P. Vay (X,., <) 1a nhém s¥p thit tu.

Nhén xét 6. Theo dinh 1i 16, ¢6 thé dinh nghia : Nh6m Abel X
goi 1a sdp thit ty néu tén tai mot tAp con P # @, goi 14 tap duong,
théa mén hail tinh chét 1) va 2) cia dinh 1 16,
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Vi dy 10. T4p con N’ cta nhém (Z ,+) ¢b cde tinh chédt 1) va
2). Do d6 véi moi m, ne Z ta dinh nghia m < n néu m = n ho#c

n-meN thi Z tré thanh mot nhém sép thd ty. Th tir 6 chinh
1a thd ty théng thudng trén Z .

BA! TAP CHUONG I

2.1. Chdng minh réingZ véi phép todn m®n =m + n — 1 12 mot
nhém Abel.

2.2. Ching minh ring R\ {%} véi phép todn x*y = x + y — 2xy
14 mdt nhém Abel.
2.3. Ching minh X = R xR véi phép toén (a, bj«(c, d) = (ac, be + d)
12 mdt nhém khéng giao hoan.
2.4. Chimg minh ring G 12 mdt nhém khi va chi khi
a) G 1A mjt ndira nhém;
b) Véi moi a, beG cdc phuong trinh
ax=b,xa=>b
¢6 nghiém trong G.
2.5. Cho G la mjt nhém Abel. V6i moi n > 2 ki higu
n
G, -fxecix" =15},

Chimg minh ring
a) G 12 nhém con cia G.

b) Néu (m, n) = 1 thi G "G, ={15}.



2.6.

2.8.

2.9.

2.10.

2.11.

2.12.

2.13.

a) Ching minh r¥ng mgt nita nhém G khéc réng, hiu han 13
nhém khi va chi khi moi phén ti cha n6 déu théa min
luat gian wéc.

b) Ching minh ring moi tip kh4c réng, hitu han, én dinh
cda nhém G 12 mot nhém con eia nhém G.

Cho G 12 mdt nhém ¢é tinh chait : x? = 1, v6i moi x € G.

Chiing minh G 14 nhém Abel.

Cho X 14 mét nhém. Tép con

CX) =1z € Xlzx = xz v6i moi x € X] goi la tdm cta nhém X,
Chitng minh ring C(X) 1a nhém con cia X.

Cho X la mjt nhém va a, b € X. Chimg minh riing ab va ba
¢6 eing mot cip.

_Cho G la mét nhém hitu han cdp n. Ching minh ring

a) Moi x € G déu cé cdp 1a mft ubc s8 cha n.

b) Moi x € G déu ¢6 xn=lG.

Ching minh ring moi nhém hitu han c4p nguyén t6 déu la
nhém Cyclic, moi phén t& khic phén t¥ trung hda déu 12
phén t& sinh clia né.

Ching minh ring
a) Moi nhém cyelic cap v6 han déu ¢6 ding 2 phén t\¥ sinh.

b) Néu mét nhém cyclic chi c6 mpt phén t& sinh thi nhém dé
c6 cAp < 2.

Chimg minh rling mdt nhém khéng c¢6 nhém con khong tdm
thudng 14 nhém eyclic.
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2.14. Ching minh ring moi nhém cip < 5 déu 14 nhém Abel.
2.15. Ki higu S;1a nhém cédc phép th€ bac 3 (Xem vi du 10¢)).

Ching minh ring meoi nhém con thyc sy cia nhém S déu (4

nhém cyclic nhung S, khéng la nhém cyclic.

2.16. Cho X la moét nhém va A<X, B<XX, AN B = {1X}. Ching
minh ring moi a € A, b € B déu ¢6 ab = ba.

2.17. Trong mét nhém X, ta goi mot phan tx c6 dang xyx_ly_1 véi
X, ¥y € X la mét hodn td cda X. Nhém con sinh bdi cdc hosn
tir cia X ki hiéu 1a [X, X]. Chimg minh ring

a)[X, X] <X va )%X.XJ 12 nhém Abel.
b) Gia sitr A<JX. Khi d6 X/ 1a nhém Abel o [X, X) < A.

2.18. Cho A<IX, A ¢ C(X). Chimg minh ring néu %/ la nhém
cyclic thi X 14 nhém Abel.

2.19. Cho X la mdt nhém va tdp con S < X, S # @&. Ki hiéu
xSx!= {xsx_l Ise S}.

Ta goi chuén héa cha S 12 tap
N(S) = {x eXIxSx ! = s}

va tdm hod cia S la tap
C(S) = {xe XlIxsx™ = s véi moi s e S}.

Chimg minh ring C(S) <I N(S).
2.20. Trén tap X = 2% véc dinh phép todn hai ngéi nhu sau

k
(kb b XL, L) = (g + (1) 20k + 0y kg + 1)
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2.21.

2.22.

2.23.

2.24.

2.25.

2.26.

2.27.

2.28.

Chilng minh ring

a) X cing phép todn d6 12 mét nhém.

b) Nhém con A sinh bdi phén tir (1,0,0) 12 chuén tic.

Véi moi n e N* chitng minh (Z ,+) = (nZ ,+).

Chimg minh ring chi ¢6 mét ddng cdu tit nhém (Q, +) vao
nhém (Z, +) d6 1a déng cfu tdm thudng.

Chiing minh r¥ng khéng tén tai mot ddng céu tir (R, +) lén
(R',).

Ching minh ring 4nh xa x — x| tit nhém X vao chinh né
l1a déng c4u nhém khi va chi khi X 1 nhém Abel.

Cho G,va G,la hai nhém. Trén tich Descartes G, xG, x4c
dinh phép todn
(), ) (Kg, ¥p) = X)Xy, ¥,¥,)
a) Ching minh G, xG, cing phép todn trén la mt nhém,
goi 1a nhém tich ciia hai nhém G, va G, .

b) Cho G, v G, la nhém cyclic hitu han cp tuong dng la m
va n. Ching minh G1 xG2 la nhém cyclic < (m, n) = 1.

Ching minh rAng véi phép todn m * n = m + n — 2 va thy ty
< thong thudng, (Z, *, <) 12 mét nhém sip thd ty.
Ching minh ring néu G 1a mdt nhém sdp thd tu thi G c6 vo

han phan ti.

(Nhém déi xing héa cia mét nita nhém). Cho X 13 mét nia
nhém cdng giao hodn, moi phan t& déu thda man luat gidn
udc.
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a) Chiing minh ring quan hé ~ trén X°xéc dinh bai
(a,b)~(e,d)néua+d=b+c
13 mdt quan hé tuong duong.

b) Ki hidu X=X/ 1 tap thuong cia X’theo quan hé -,

phén ti cia Xchda (ab) 1a (a,b). V6i moi (a,b) va
(c,d) e X dat

ta,b)+(c,d)=(a+c,b+d).

Chimg minh r3ng quy tic trén xdc dinh mét phép todn trén

X va (X,+) 1a mdt nhém Abel.

c) V6i moi a € X chimg t6 (a+b,b)e X khéng phu thude vao
b ¢ X. Chitng minh ring j: X —» X, j(@) =(a +b, b) la mét
don cfu nida nhém.

d) Péng nhit a € X véi j(a) ¢ X. Ching té ring moi phén ti
cia X dducédanga-bvéia, b e X
Nhém X goi 12 nhém déi xitng hod cia nita nhém X.

e) Chimg td nhém (Z, +) 1a d&i ximg ho4 ella nita nhém (N, +);
nhém (Q,.) 15 déi xitng hoé clia niz nhém (N *,.),



CHUONG il
VANH VA TRUGNG

§1. VANH

1. Dinh nghia va tinh chat

Vanh 1a mt tap X cung hai phép todn trén X, thudng ki hiéu
cdng va nhan thda min cdc tinh chat

1) (X,+) 1a mét nhém Abel,;
2) (X,.) 12 mdt mia nhém;

3) Phép nhan phin phéi A8 véi phép chng, tic 1a moi
X,y,zec Xtacé

X(Yy+Z)=xy +xz; (y+2z)X=yX+2IX

Mjt cdch tuong duong, ta cé6 thé dinh nghia (X, +, .) 1a mot
vanh néu né thda man c4c didu kién sau

(Rl) Moix,y,zeX,(x+y)+z=x+(y + z).
ROMoix, ye X, x+y=y+x.

(Ry) Ton tai 0y € X, moix € X, x+0y =x.
(R,) MgixeX,téntaj—xeX,x+(—x)=OX.
(Rg) Moix, y, z € X, (xy)z = x(yz).

(Re) Moix,y,zeX, x{(y+2)=xy +Xxz, (Y + 2) X = yX + 2zx.



Néu phép todn nhan clia vanh la giao hodn thi vanh goi la
vanh giao hodn. N&p phép todn nhén c¢6 don vi thi vanh goi la
vanh ¢6 don vi.

Vidul. a)(Z. +, ), (Q, +, .), (R, +, .) 1a cdc vanh giao hodn,
¢6 don vi.

b) (zk,+,.) 12 mot vanh giao hodn ¢6 don vi (Xem vi du 2,
Chuong IT).

¢) Cho (X, +) 1a mft nhém Abel. Ki hiéu End(X) la tdp céc
déng cdu nhém tir X vao X (goi 12 cdc ty déng cdu). Trén End(X)
xdc dinh phép + va . nhu sau

f + g duge x4c dinh bdi

(f + g) (x) = fix) + g(x) véi moi xeX.
f.g duoc xdc dinh bdi

f.g(x) = flg(x)) véi moi xeX.

Dé dang ki€ém tra (End(X), +,.) 12 mot vanh c6 don vi nhung
ndi chung la khéng giao hodn. Ta goi vanh nay la vanh cdc tu
déng cdu cha nhém Abel X.

d) Cho (X, +) 12 mdt nhém Abel. Trén X x4c dinh phép todn
nhan
xy = Oy véi moi X, yeX.

Dé& dang kiém tra (X, +, .) 12 mdt vanh giao hodn, néi chung
khong c6 don vi. Ta goi vanh nay la vanh khéng cia nhém Abel X.

Binh li 1. V8i moi x, y, z cGa vanh X ta c6

1) X.OX ZOX.X=0X

2 (-x)y =x(-y)=-xy
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3) (=x)( -y) = xy
Dxly—z)=xy-xz;, (-2} xX=yx—2zx
CHUNG MINH. 1) Ta cé x.Ox = 1»{(0X +0x) = xOX + xOx. Do d6

x.0y =0y . Tuong ty cing c6 Og-x=0y.
DVixy +(-0)y =X+ (x)y=0,y=0y nén(-x)y=-xy

Tuong tu ta cing ¢6 x(-y) = —xy.
3) Theo 2) ta ¢6 (-x)X-y) = -x(-y) = — (—xy) = xy.

4) Theo 2) ta ¢6 x(y — z) = x(y + (-2z)) = xy + x(-2) = Xy — X2.
Ping thitc con lai chiing minh tuong tu.

Heé qua. Vdi mpi m e Z va moi phdn 7 x, y clia vanh X ta cé
m(xy) = (mx)y = x (my).

2. Vanh con

Cho X 12 mot vanh vA tdp con A cia X én dinh @61 vdi hai
phép todn ciia vanh X. Néu véi phép todn cim sinh, (A, +, .} 1a mét
vanh thi vanh A goi 1a vanh con cta X.

Vi du 2. a) Cho X 13 mot vanh. Khi dé {ox}va X 1a vanh con
cita X. C4c vanh con ndy goi 12 cde vanh con tdm thuong cia X.

b) Vamh Z céc 88 nguyén 12 vanh con cia vanh @ c4c s hit ti.

¢) Tap 27 1a vanh con cha vanh Z cdc 80 nguyén.

Binh i 2. Tdp con A cida mét vanh X 1a vanh con cda vanh X khi va
chi khi thda man céc didu kién sau

1NVAxQ
2x,yeA=sx+yeAvaxy € A

IxeA=>xeA
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CHUNG MINH. Theo dinh 1i 1 Chuong II, (A, +) 14 nhém Abel &
A0, x,yeAthix+ye A -xe A;(A)]landanhém o x,ye A
thi xy € A. Néu A 8n dinh vdi cdc phép todn thi trong A phép
nhén phan phdi v4i phép cong. Nhu vdy A 12 vanh con <> A ¢6 cdc
tinh chat 1), 2), 3).

BPinh 1i 3. T4p con A cla mét vanh X 13 vanh con cla vanh X khi va
chi khi théa man céc didu kién sau

1VAz20

2)x,ye A=>x—-yeAXxycA

DPinh li 3 dugc ching minh tuong ty dinh li 2 bing cdch 4p
dung dinh i 2, Chuong II.

Cho S 1a mét tap con cda vanh X. Ta goi vanh con cha X sinh
b3i tap S 12 vanh con nhé nhdt chua S, ki hiéu 1a [S]. Nhu vay
vanh con [S] sinh bdi t4p S cé hai tinh chdt djc trung

1) [S} 1a vanh con;
2) Néu A 13 vanh con va A o S thi A o [S].

Dinh i 4. Vdi mei tp con S clia vanh X d8u 16n 1ai va duy nh4t vanh
con [S] sinh bdi t4p S.
CHUNG MINH. Goi & 1a ho t4t cad cdc vanh con cia vanh X chda
S. Vi x € B nén B # @. Ta sé chimg minh
[Sl= n B,
Be®

tic 12 cdn chimg minh A = BnﬂB l1a vanh con cia X. That vay,
€ .

Oy € B véi moi B nén Oy € A. Néux,y e Athix, ye B véi moi

B. Vi B 14 vanh con nén x —y € B va xy € B v6i moi B. Diéu 46 cé
nghialax -~y € A va xy € A. Theo dinh 1if 3, A 14 vanh con.

Vidu 3 Véi moi k € N, kZ 13 vanh con cla Z sinh bédi tép
mot phan tir {k}.
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§2. IDEAL. VANH THUONG

1. Pinh nghia va tinh chit cia ideal

Cho X 1a mét vanh. Vanh con A cua X goi 12 ideal trdi (phdi)
néu moi x € X, a € A Qéu c6 xa € A (ax e A). Vanh con A goi 1a
ideal néu né vira 1a ideal phai, viea la ideal trdi.

Né&u vanh giao hodn thi moi ideal trdi hay phéi cia X déu
13 ideal.

Vi dy 4. a) V6i moi vanh X thi {ox} va X 1a hai ideal caa X,
goi la cdc ideal tdm thuong.

b)V6imoik ¢ N, kZ la ideal ciia Z.

¢) Z la vanh con cia Q nhung Z khong la ideal cia Q. T
dinh li 2 va 3 ta ¢6 hai dinh li sau

Binh li 5. T4p con A cda vanh X 14 ideal trai (phai) cOa X khi va chi khi
thda man cac didu kién sau

NA=Q

2abeA=>a+becA

JacA>-achA

4d)xecX acA=>xaecA(axcA

Pinh li 6. T4p con A ciia vanh X 13 ideal trdi (phdi) ctha X khi va chi khi
théa man cdc didu kién sau

1)A=z=0
2)a,beA=>a~-beA

3 xcA acsA>>xacA(ax € A)
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2. Ideal sinh bdi m{t tap

Cho S 13 mét tdp con cha vanh X. Tuong ty nhu ching minh
dinh 1i 4 d& dang thiy rdng giao ciia tat ca cac ideal trdi (phai, hai
phia) cia X chita S cing 14 mgt ideal trdi (phai, hai phia). Ideal
nay la ideal trai (phai, hai phia) nhd nh4t chifa tap S, nén goi 1a
ideal trdi (phdi, hai phia) sinh bdi tap S.

Ideal (hai phia) sinh bdi tdp S ki hiéu la <S>.

Chi ¥y réng néi chung <S> # [S].

Ideal sinh béi tap mdt phan ti {a} goi 1A ideal sinh bdi phdn
t2 a, ki higu 1a <a>. Néu tén tai phan ti a sao cho ideal A = <a>
thi ideal A goi 12 ideal chinh.

D& dang thdy ring néu vanh X c¢6 don vi va a la phén ti kha
nghich cia X thi <a> = X,

Oinh li 7. N&u X 13 mét vanh c6 don vj thl ideal trai sinh bdi phdn to
aeXla
Xa={xalxe X}
va ideal phai sinh bdi a 12
aX = {axlxe X}.

CHUNG MINH. Ta chi ching minh Xa la ideal trai sinh bdi a.
Truée hét ta ching t3 Xa la ideal trdi chita a. That vay
a=1lyaeXa. V6i moi b, c € Xa, tén tai b',c'e X sao cho b = b'a,
c = ca, tir dé

b-c¢c=({d-c)a e Xa.
Véimoi x e Xvib=DbaeXatacé
xb :{z x(b’.a) = (xb")a € Xa.
Vay Xa la ideal trdi cha X, chda a.
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Bay gid ta sé chi ra moi ideal trdi A, chia a déu chira Xa. That
vay, via € Atva Atla ideal trdi nén moi x e X ta ¢6 xa ¢ A, . Viy
Xa c At'

3. Vanh thuong

Cho X la m¢t vanh vd A 12 mét ideal cda né. Vi phép cong
giao hodn nén A 12 mjt nhém con chufn tdc cha nhém (X, +). Tu
d6 ta c6 nhém thuong ¥/, véi phép tosn céng.

X+A+F+A)=X+y)+ A

Ré rang (X/,,+) 1a mét nhém Abel. Trén X/ ta dat

X+Ay+A)=xy+A
Néux+A=xX+A y+A=y +AthixXx-x=aeA

Yy -y=Dbe A Vi Alaideal nén
x'y-xy=(@+x)b+y)—xy=xb+ay+abeA

Tu dé XyY+A=xy+A
Vay cédch dit trén cho ta mdt phép todn nhéan trén X/, .
Dé& dang kiém tra (%,+,.) 12 mét vanh.

Vanh nay dudc goi 1a vanh thuong cia X theo ideal A.
Néu vanh X c6 don vi thi vanh X/ c6 don vila 1y +A. Néu
vanh X giao hodn thi vanh % cing giao hodn.

Vidy 5. V6i moi k €N, kZ 1a ideal cda Z. Vanh thuong %{,
chinh 1a vanh Z,_ (Vi dy 1, b)).
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§3. PONG CAU VANH

1. Pinh nghia va tinh ch4t

Cho X va Y l& hai vanh. Mt 4nh xa f: X > Y goi 14 mot
déng cdu vanh néu véi moi x, y € X ta cé

fix +y) = f(x) + f{y).
fixy) = f{x) f(y).

Nhu vay mét déng cu vanh f : X - Y 12 mét ddng cdu tu
nhém céng X vio nhém cdng Y va 12 mét déng cdu tir nda nhém
nhén X vao nda nhém nhéan Y. Vi f 12 déng cfu nhém céng nén

f0y) =0y, f-x) = —f(x)

Déng cdu vanh f duge goi tuong ung 12 don cdu, toan céu,
ddng cdu néu dnh xa f 1& don dnh, toan 4nh, song 4nh.

Mit ddng ciu tir vanh X vao chinh né duge gai 1a mét fv ddng cdu.
Vi dy 6. 2) Cho X 12 mdt vanh ¢ don vi 1. Anhxaf: Z> X
xdc dinh bdi fm) = m.1, 12 mot ddng cdu ti¥ vanh Z céc s6
nguyén vao vanh X. That vdy véi moi m, n € Z ta cé
fim + n) = (m + n)1y =mly +nly =f(m)+f(n)
flm.n) = (m.n)1y = (m.1;)n. 1) = f(m)f(n) .
b) Cho X la mot vanh. Anh xa ddng nh&t I, X>Xla dédng
cdu vanh.
¢) Cho A 13 mét vanh con cha vanh X. Anh xa I A X
ia %) = x 1a don céu vanh, goi 1a phép nhiing chinh tdc A vao X.

d) Cho X la mdt vanh va A 1a mjt ideal cia X. Anh xa
p:X > %4, p(x) = x + Ala mbt toan cdu vanh, goi 14 todn cdu

chinh tdc X lén % )
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e) Cho X va Y 1 hai vanh. Anh xa f: X > Y, f(x) = 0y véi
moi x € X 12 déng c4u vanh, goi 1a déng c6u khéng.
Tuong tu nhu ddng cdu nhém, ta céd

Pinh (i 8. 7) Cho f: X —» Y, g : Y — Z 1a cédc déng cdu vanh. Khi do
gof : X — Z 12 dbng c4u vanh.

2) Cho f: X —» Y I& ding c4u vanh. Khi d6 4nh xa ngugec ~7: Y - X
ciing & ddng cdu vanh.

2. Anh va hat nhén ciia déng cfu vanh

Vi dong céu vanh la mét ddng cdu cla nhém cong va I3 mot
déng ciu clia nta nhém nhén nén theo k&t qua tuong ing cda dong
cau nhém va déng cau nia nhém ta cé

Pinh I§9. Cho f: X — Y 12 mdt déng cdu vanh. Khi do
1) A Ja vanh con cda vanh X thl {(A) 1a vanh con cta vanh Y.
2) B la vanh con cda vanh Y thi {~ ! (B) la vanh con ciia vanh X.

Cho f : X - Y 12 mdt déng cdu vanh. Theo dinh 1f 9, f{X) la
moét vanh con clda Y, ta goi vanh con nay 13 dnh cua f, ki hiéu la

Imf; £ ({OY}) — ! (OY) 12 mét vanh con ctia X, ta goi vanh con
nay la hat nhdn cia f, ki hiéu 1a Ker f.

Pinh 1§ 10. Vdi moi déng cdu vanh f : X = Y, Ker f 12 mét ideal cla
vanh X.

CHUNG MINH. Vi Ker f la mdt vanh con nén ta chi con phai
chiing minh moi x € X va a € Ker f déu c6 xa va ax € Ker f. Vi

f(xa) = f(x).fla) = f{x) 0y, = Oy
flax) = fla).f(x) = OYf(x) = OY

nén ta ¢6 didu cdn chung minh.
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3. Pinh li dong ciau vanh

Pinh li 11. Cho f : X — Y 12 mdt déng cdu vanh, p : X — %, 1a
toan cdu chinh tdc 1 vanh X 18n vanh thuong )%(m. Khi dé t8n tai duy nhal
don cdu vanh f: %a,, — Y sao cho fop =1 .

CHUNG MINH. Su ton tgi . Pat A = Ker f. Ta s& chi ra
f: X, 5 Y f(x+A)=flx) c6 cde tinh chat ddi hdi. That vay,
hién nhién f la dnh xa. Véimoix + A,y + A e ¥/ tacé

F(x+A)+@y+A) =T x+y+A)=flx+y)

fix) + fly) =fix + A) + Ry + A);
f (xy + A) = f(xy)
fix) fly) = flx + A) fly + A)

f((x+A).(y+A))

1]

nén f ladéng cdu. Gidstx+ A, y+Ae % , x+Azy+A=>
y-xeA=fRy-x=0=fx) =y = f ({+A)¢_f (y + A) nén
f la don cau. Cudi cing vdi moi xeX ta ¢6 fop(x) = f(x + A) = f(x)
nén fop=1f.

Tinh duy nhdt : Néu f' : % — Y ciing ¢6 tinh chit dsi héi
thi f'op=1f. Tird6 véi moi x + A € ¥/ taco

f'x+A)=F@Ex)=fx)=F x+A).Vay f' =f.

Hai vanh X va Y duge goi la ddng cdu vdi nhau, ki higuX = Y,
néu tén tai mot didng cdu £ : X — Y. Theo dinh 1i 8 d& thiy ring
quan hé ding ciu giita cdc vanh c6 cde tinh chat phan xa, déi xing
va bic ciu.

Néu f: X — Y la mdt don cdu vanh thi f: X > fiX) la mét
dAng cau vanh. Do d6 ta ¢6 X = f(X).

Tu dinh 1i déng cdu vanh suy ra : Néu f : X > Y 12 mét toan
c&u vanh thi ta cé %{erf =Y.
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§4. VANH SAP THU TU

1. Dinh nghia va tinh chat

Cho (X, +, .) 14 mét vanh giao hodn va <1a mt quan hé tha tu
toan phén trén X. Khi 86 (X, +,., <) goi 12 mét vanh sdp thit ty néu
moi X,y,zec Xtacé

Dx<y=>X+2<y+1zZ
2)0<x,0<y=0<xy.
Vanh dugc goi 12 sdp thi tu nghiém ngdt néu 2) duge thay bdi
220 <x,0<y > 0<xy
o] day nhuthéng lé x <y, nghialax<yvax=zy.
Vi dy 7. Vanh Z céc s0 nguyén véi quan hé thi ty théng
thudng la vanh sdp thd tu nghiém ngit.
Trong mot vanh sdp thi tu nghiém ngat X ta goi phin t&r aeX
1a phan ti duong néu 0 < a.
Ki hiéu P 1a tap cdc phén tif duong cia vanh sdp thi ty X.
Dinh If 12. Trong mét vanh sdp thi ty nghiém ngat X ta c6
1), beP=>a+beP, abebP;
2) Moia € X thl hodc a € P, hodc —a € P hodc a =0y ;
JjabeXa<cbosb-aceh;
4)0<cae=-ac<0

CHUNG MINH. Nhan dudc tir dinh 11 15 Chuong II.
Né dang ching minh dinh lf sau ddy :

Binh Il 13. Mt vanh giao hodn X dugc sdp thd ty nghiém ngdt khi va
chi khi frong X t6n tai mé1 t4p con P ¢6 céc tinh chét 1), 2) va 3) cla dinh #
12. Quan hé thit ty dé bién X thanh mdt vanh sdp tha Wy 1& quan hé

a<bnédua=bhoicb-aceP.
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§5. TRUONG

1. Dinh nghia va tinh chat

Ta goi trudng 12 mot vanh giao hodn, ¢6 don vi, ¢6 nhiéu hon
mét phan ti¥ va moi phén tir khdc khéng déu kha nghich.

Cho X 12 mot trudng, ki hidu 0 1a phdn ti khong, 1 \a phdn iz
don vi.

Trudc hét ta nhan xét ring 0 # 1. That vay, trong x ton tai
x # 0, do d6 tén tai x 1. Tuds xx1#0x =120

Phin t& x # 0 clia mot vanh X goi 12 udc cia khéng néu tén
taiy € X,y # 0 sao cho xy = 0.

Ta nhén xét ridng : Moi truong X déu khéng cé usc cia khéng.
That vdy, moi x € X, x 2 0, néu ¢6 y € X sao cho xy = O thi

x txy = x 10 = y = 0. Do d6 x khdng 1a uéc cha khong.
Piat X* = X\{0}. Theo cdc nhén xét trén X* 8n dinh vdi phép

tosn nhan, 1 e X* Néu x e X* thi tén tai x = e X*. Do dé (X*,.)
12 mdt nhém Abel.

Nhu vay, mot cdch tuong duong, c6 thé dinh nghia : (X +,.) la
mét truong néu

1) X citng phép todn c6ng la mét nhém Abel;
2) X* = X\(0) ciing voi phép nhén la mét nhém Abel;
3) Phép nhan phan phdi déi véi phép cong.

Vi du 8. a) V6i phép céng va nhén thong thuong (Q,+,.),
(R, +,.) 14 cédc trudng.

b) (zp,+,'.) véi p nguyén t6 1 trudng.
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Dinh i 14. Vanh giao hodn, cé don vi, c6 nhiéu hon mét phdn 1 X 13
mét truong khi va chi khi X cé diing hai ideal tAm thudng 13 {0} va X.

CHUNG MINH. Gia st X 12 mét trudng vi A 1A mot ideal bat ki
ctaX, A»10). Khid6tdntaiae A, a0 Suyral=a 'ae A V&
moi x € Xtacéx.1 € Anén A =X. Vay X chi c6 &ing hai ideal.

Nguae lai, gid sit X 1 vanh giao hodn, ¢6 don vi, ¢6 nhiéu hon
mjt phén t& va c6 ding hai ideal. V6i moi x € X, x # 0, theo dinh
1i 7, xX 12 ideal clia X sinh bédi x. Vi xX # {0} nén xX = X. Tit 46 tén
tai y € X d€ xy = 1. Vi vanh X giao hodn nén x cé phdn tif nghich
dadolay.

2. Trudang con

Cho X la mét trudng. Tap con A cda X goi 1a m@t truong con
cia X néu A 8n dinh d6i v6i hai phép todn trong X va A cung véi
hai phép todn cdm sinh tao thanh mét trudmg.

Vi dg 9. Q@ 12 trudng con cda trudng con cla trudng s8 thuc
R. Tir cdc dinh }i 1 va 2 Chuong II ta c¢6 hai dinh K sau

Binh 1§ 15. Tap con A cia trudng X cé nhiu hon m@t phdn 13 1a tnidng
con clia frudng X khi va chl khi th6a man céc diéu kién

NNxyeA=sx+yeA xyceA

2)x e A —x A
HxeAxs0=> X1 A

Dinh ¥ 16. Tap con A cia truéng X c6 nhidu hon mét phan 11 13 trudng
con ctia rudng X khi va chi khi théa méan cac didu kidn

)x,ycA=x-yeA

2xycAy=0>xy ' €A
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Vi du 10. Q (fi) = {a + b2 | a,be Q} 14 trudng con cia trudng
88 thue R.

That vy véi moi x =a+bv2 vay=c+d2 thude Q(Ji) ta c6
x—y=(a—c)+(b—d)\'/§eQ(\/§)
Néu thém y = 0 thi
oy = a+by2 _(a+by2)c-dv2)

Ce+dV2 (2 _gg?
_seo2d be-sd oo
¢ -2d7 ¢ -2d

Vay theo dinh li 16, Q(v2) la truéng con cia trudng R.

4. Mién nguyén

Ta goi mét vanh giao hodn, cé6 don vi, nhidu hon mét phén ti,
khéng c6 udc cia khdng 12 mét mién nguyén.

Theo nhan xét trong 1. thi moi trudng déu 1a mién nguyén.

Vanh s6 nguyén Z la vi du vé mjt mién nguyén nhung khong phai
l1a trudng.

Trong mién nguyén moi phin tit khsc khéng déu théa man
luat gidn u6e dai véi phép nhén. Thit vay, véi moi a # 0 :

ab=ac=ab-¢)=0=>b~c=0>b=c.

5. Trudng sip thi tu

Cho X 12 mot trudmg va mét quan hé thd ty toan phdn < trén
X. Khi d6 X duge goi 1a mét truong sdp thi tu néu né la moét vanh
sAp thi ty. D& dang th4y réing moi mién nguyén sdp thu ty déu la
sdp thu tu nghiém ngat.
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Cho X 12 mjt trudmg (hodc vanh) sfp thd tu. Véi moi x € X ta

goi gid tri tuyét déi cia x 14 phén tir x| X duge xde dinh bdi

3.1.

3.2.

3.8.

x néu 0 < x
|x|= Onéux=0

-xnéux<0

Véi moi x, y € X ta ¢6 cdc tinh chét sau
1)0< x|,

X|=0cx=0
2) [xy| = x|}yl

3 31 <l 1y

4) fal-1bl<]a-b|.

BAI TAP CHUONG HI

Cho X 1a mét vanh va x € X. Ching minh riing véi moin ¢ N

) - x néu n chin

_—x - n ; ,
- X néunlé,

Trong mot vanh cé don vi X chitng minh r¥ng néu x kha

nghich thi — x cfing kha nghich va (—Ji()_1 - x",

Trén tdp Z x Z dinh nghia cdc phép todn
(m,n)+(p, Q) =(m+p,n+q)
(m, n).(p, @) = (mp, mq + np + nq).

Chimg minh réing véi cdc phép todn trén Z x Z la vanh
giao hodn, ¢é don vi.
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3.4.

3.5.

3.6.

3.7.

64

Cho X 12 mét vanh, S 1a mot tap hop. Ki hidu X" la tap cdc

dnh xa tir Sdén X. Vi moi f, g € X% ta dinh nghia f + g va
f.g xdc dinh béi

(f + g) (8) = f(s) + g(s), (f.g) (8) = f(8).8(8)
véi moi s € S. Chimg minh r3ng v6i cdc phép todn trén
X512 mot vanh. Néu vanh X giao hodn hay c6 don vi thi
vanh X° ciing c6 tinh chit dé.
C4c tap sau day, tdp nao l1a vanh con cda vanh R :
a) {m+nx/glm,nez}?

b) {m+n§/§|m,nez}?

c) {m+n%+p§/§5lm,n,pez}?

Cho X 1& mot vanh. Ta goi tAm cta X 1a tdp
C(X) = {ae Xlax =xa v6i moi x € X}.

Chitng minh ring C(X) 1a vanh con giao hodn clia X.

Trong mét vanh X néu ¢6 38 nguyén m > 0 sao cho

mx = 0X v moi X € X (x)

thi s8 nguyén duong s nhé nhit théa man (x) goi 1a dac so
cua vanh X.

Néu khéng ¢6 m > 0 thda méan () thi m = 0 1a s§ duy nhéat
thdéa man (), trudng hgp nay ta néi vanh cé dic s§ 0.

Chimg minh ring

a) Néu vanh X ¢6 ddc 88 s # 0 thi moi phdn tir khdng phéi
ude cia khéng trong vanh déu cé cap bing s.



b) Né&u vanh X c6 dac s6 s = 0 thi moi phan ti khéng phai
ude cha khéng trong vanh déu cé cdp vo han.

c) Néu vanh X c6 don vi 1, #0, thi dic 86 cla vanh X
chinh 1a c4p cta phén ti 1, trong nhém (X, +), tic 0 la
s& duong nhé nhat dé 8.1y = Oy .

3.8. Mot vanh X goi 14 vanh Bulle n&u moi phan ti cia né déu c6

tinh chét liy ding, tdc la X2 —x. Chiung minh ring vanh
Bulle 13 vanh giao hoédn, c6 djc s6 béing 2.

3.9. Cho X 1a mft vanh. V6i moi m ¢ Z chitng minh cdce tip sau
day la ideal cda X ;

a)mX = {mx|xeX};
b) A={xeXimx=0}.

8.10. Cho A va B ]2 hai ideal cia vanh X. Chitng minh ring
A+B={a+blacAbeB}

cing 13 mot ideal cia X.

3.11. Che X la mft vanh, I la ideal cia X sinh bdi cdc phén t&
dang xy - yx, x,y € X.
a) Chimg minh % 1a vanh giao hodn.
(]

b) V6i moi ideal I cia X, X4 1a vanh giao hodn < I, <1,

8.12. Tim t4t cd cdc ty déng cfu cia vanh s8 nguyén Z .
8.13. Ki hiéu @(vn)={a+bVntabe Q},n=711.

Ching minh ring
a) Q(ﬁ) va Q(Jﬁ) 13 trutng con ctia trudng R.
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3.14.

3.15.

b) Anh xa f: @(v7) - Q(V11)

a+bJ7 e a+bJll
khéng phii 14 ddng cau trugng.

¢) Khéng ton tai mot déng cau nao giita Q[ﬁ) va Q(\/ﬁ} .

Cho A 14 mot ideal cia vanh giao hodn, ¢6 don vi 1 2 0 X
Ideal A goi 14 nguyén t6 néumoi x,y e X, xy e Athix e A
hoac y € A. Ideal A goi 12 #6i dai néu A # X va néu M 12 méjt
ideal cla XK, Ac McXthiM=AhoacM=X

Ching minh ring
a) Ideal {0} la nguyén t6 <> X 12 mién nguyén.

b) Ideal {0} la td1 dat <> X 1 mét trudmg.

c) Ideal P 1a nguyén t& < X4, 1a mién nguyén.

d) Ideal M 1a t6i dai < ¥4, 12 mét trudng.

e) M 12 ideal t6i dai thi M 13 ideal nguyén té.

Cho A 12 mdt vanh con cé nhiéu hon mét phén tir cia mot

trudng F. Ching minh riing trudng con cha F sinh b&i A (tire
13 truding con nho nhat ctia F chita A) 1a t4p

FA) = xy_1 Ix,y e A,y ;tO}.

3.16. Cho X 12 mft vanh. Trén tdp Z x X xét cdc phép todn
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(m, x)+(n,y)=(m+n,x+y)

(m, %) . (n, y) = (mn, nx + my + xy)
Ching minh réng
a) (Zx X, +,.) 12 mét vanh c6 don vi.



3.17.

b) Anh xa h : X 5> Z x X, h(x) = (0,x) 1 don cdu vanh. Do d¢’
mot vanh bt ki déu c¢6 thé coi 1a vanh con cda mét vanh
¢6 don vi.

(Trudng cdc thuong ctia mét mién nguyén). Cho A la mot
mién nguyén. Ki hiéu A =A\{0A}. Trén tich Descartes

A x A" xét quan hé
x, X') ~ (y, ¥) néu xy’ = yx.
a) Chitng t5 ~ 12 mét quan hé tuong duong trén A x A . Ki
hidu tap thuong A x A/ la F(A). Ki hiéu phén t ciia F(A)

chia (x, ¥') la =
X

b) Trén tap F(A) dat

R4 Xy '+ yX
x' y' x'y'
X,y
x' y' x'y

Chimg t6 cdc quy t4c d6 xdc dinh cdc phép todn trén F(A) va
(F(A), +,.) 1a m@t trudng.

¢) Chimg td ring véi moi xeA, phan ti ﬂ e F(A) khong
y

phu thuéc vao y’ € A‘. Ching minh d4nh xa j : A - F(A),

j®) = 5-)-,- 1a mot don cdu vanh.
y
d) Déng nhat x € A véi = e F(A). Ta ¢6 A 1a mot vanh con
y

cha trudng F(A). Ching td moi — e F(A) déu c6 dang
X

x.x"!, x, ¥ e A. (Hay lién he véi bai tap 3.15).
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3.18.

68

e) Hiy ching td Q la trudng cdce thuong clia Z .
Ki hiéu .4, (F) 1a tap cdc ma trin vudng cap hai trén mét

trudng F. Tiic 1a tap cdc phan ti A c¢6 dang

A=[a -bj,a,b,c,deF.
c d

Hai ma tran got la bdng nhau néu c6 tdt cd cdc phdn ti
tuong ing cia chiing biing nhau.

L a; b a, by .
Véi mot A1 = va A2 = e-1(2 (F) ta dinh
c

o 4 2 dy
nghia
A1+A2={al+32 bl+b2]
¢, +¢y d, + d2
ALA, - [ala2 +bye, &b, + b1d2]
c,a, + d,c, ¢,by + d,d,

a) Ching minh ring Al (F) v6i phép cfng va phép nhén nhu
trén la mdt vanh c¢6 don vi.
b
b) Véi moi A = [j d] & 4(,(F) ta dinh nghia dinh thic clia A
1 phdn tit
|A} = ad - be.
Ching minh rang vdi moi A,A, € A4,(F)tacé
A4, = (A, A,
c} Ma trén A e .#,(F) goi 1a khong suy bién néu |A| = 0.

Ching minh riing A kha nghich < A khéng suy bién.



3.19. (Trudng s phic) Trén vanh .#,(R) cdc ma trin vudng cép
hai trén trutmg R xét tip con

e

a) Chiing minh ring C 12 mét trudng con cia vanh Ay (R).

a,be]R}.

0
b) Ching minh ring dnh xaj : R— €, j(a) = | 2 1a mot
kO a

don céu

0 1 .
c) Pit i = [ X O]’ ddng nhat j(a) vé6i a, ching minh

i=-1va C={a+ibla,beR}.

Maéi phén tif cda Cgoi 1a mdt s6 phuc.
d) Vai moi a, + ib,,a, +ib, € C chiing minh :

(al+ibl) (a +1b) ( )+i(bl+b2)

(al + ib1)("“2 + ibz) = (alaz - b1b2) * i(alb2 + a2b1)

e) Ki hitu z = a + ib va goi z = a — ib 1a s6 phuc lien hiep

cda z. Véi moi z,,z, € C ching minh

—zl +z2, 2,2y =2, Z, .

|

1 =Zl, Zl+22

Y
f) bat |z| = (z.z)/2 va goi 124 médun cda s6 phuc z. V6i moi
zZ, 2,, 2y eC tacé
l2l 20,2=02=0

\zl +z2| < \z1\+ \z2|.
‘2122‘ = |zl||zz| :

ilzl lz I‘ ‘z —z|
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3.20. (Thé quaternion) Trén vanh .1/2(C) cdc ma trdn vudéng cép
hai trén trudng C xét tap con

2- {[b ;]a,bec}.

a) Ching minh ring 2 12 mét thé con ctia vanh ./{/2( C). (Thé

12 mdt vanh ¢6 don vi, c6 nhiéu hon mdt phan t&, moi
phan ti khac khong déu kha d3o).

b)Dau:[‘ 9], J=[ 0 1], K:[9 ‘].
10 -1 -1 0 1 O

Chitng minh ring

2 2

2-g2-K?®-_1,1J=J1=K,JK=-KJ=1, 1K= KI = J.

N o » O 2 » R ,
¢) Ddng nhit s6 thuc a véi [: ] € 2. Chung t6 moi phan ti
a

cia 2 déu c6 dang

a1+a21+b1J+b2K, a,,a b b2 e R.

27y

Thé 2 duge goi 1a thé quaternion. Theo b) 2 khéng giao hodn,
do dé 2 khong phai 1A trudng.

3.21. Trong mjt trudng sdp thi ty, chimg minh ring
a)0<1;

b)0<ae 0« at.
c)a<b<0s0> alsbl

d)a<bthitontaivosdxd€a<x<b.

3.22. Ching minh ring khong c¢6 mét quan hé < dé bién trudng sé
phie C thanh mét trudng s#p thy tu.
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CHUONG IV
MOT VAI LGP VANH DAC BIET

§1. SO HOC TRONG MIEN NGUYEN

1. Khédi niém chia hét

Cho X 1a mdt mién nguyén, a, be X vA b # 0. Néu tdn tai c € X
sao cho a = be thi ta viét

blahodca : b

va goi 1a a chia hét cho b. Thay cho cdch goi “a chia hét cho b” ta
con goi mét trong céc céch sau day : “a la béi cia b”, “b chia hét a”
hoac “b ld ude cia a”.

Hai phén t{¥ a v b cda mo6t mién nguyén goi 1a lidn k&t néu
dong thai c6 albvabla.

Dinh 1i 1. Hai phdn 17 a, b cda mdt mién nguyén X lién két khi va chi
khia =0, b=0vaidn tai ueX, u khd nghjch sao cho a = bu.

CHUNG MINH. Néu alb v bla thi a # 0 vA b = 0 va tén tai
u,ve Xsaochoa=buvab =av. Tudé

a =auv = uv = 1 = u, v kha nghich
Nguce lai, néu a = bu thi bla. Mat khéc do u kha nghich nén
b=au ", tde 1A cing c6 alb, Vay a va b lién két.
Tu dinh Ii 1 suy ra quan hé lién két 12 mét quan hé tuong
duong trén tap X = X\{0}. Cting do dinh i 1 ta cdn goi hai phdn
ti lién két 1a hai phdn t2 khdc nhau mét phdn ti kha nghich.
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Né&u bla, b khéng kh3 nghich, b khéng lign két v6i a thi b goi
la u6c thuce sy cia a, ki higula blta.

Lién hé giifa tinh chét chia hét va ideal sinh bdi mét phan ti
ta c6

Binh |i 2. Cho X I3 mién nguyén, a, beX v& b = 0. Khi dé

1) bla = <b> > <a>.

2) bffa & <b> O <a>.

CHUNG MINH. )blae3x e X, a=bx < a € <b> <> <a> c <b>.

2) blla < 3x € X, x khong kha nghich, khang lién két véi a,

a=bx = ae<b>bg<a e <a> c<b>.
E 3

Cho mién nguyén X va a,beX. Phén t& deX goi 12 udc chung
l6n nhét ctia a va b, ki hiéu 13 UCLN (a,b), néu dla, d!b va véi
moi ¢ € X, cla, c¢tb thicld.

Pinh ti 3. Néu d /1A UCLN (a, b} thi tdp cdc udc chung 16n nhél cia a
va b trung vii t4p cdc phén 1 lién két vdi d.

CHUNG MINH. Gia st d’ 12 mjt udc chung 16n nhat bat ki cla a
va b. Theo dinh nghia ta ¢6 d’1d va d!d’. Vay d’ lién k&t véi d.

Bay giv gid st 4’ lien két v6i d. Theo dinh ) 1 tdn tai u kh3

nghich d€ d = du = &’ = du™". Do d6 dla, dIb, ¢!d thi ciing ¢6
d’la, d’Ib, cld’. Vay d’ ciing 12 uéc chung 16n nhat cda a va b.

3. Phan tif nguyén t& va phin t\& bat kha quy
Phin tit p clia mdt mién nguyén X goi 12 nguyén td néu p = 0,
p khong kha nghich va véi moi a,beX, ptab thi pla hosc plb.

Phan td p goi la b4t khd quy néu p = 0, p khéng kha nghich
va véi moi a, b € X, p = ab thi a kha nghich hoic b kha nghich,
néi cdch khidc 12 p khéng c6 woc thyc su.
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Binh ki 4. Trong mét mién nguyén X moi phdn ¥ nguyén 15 déu I3
phén 1 bat kha quy.

CHUNG MINH. Gi3 skt p 12 nguyén t&8 va a, b € X sao cho p = ab.
Vi p | ab nén pla hoéic plb. Xét trudng hop pla. Khi d6 tén tai
u € X, a = pu. Tt d6 p = p(ub), suy ra ub = 1. Vay b 12 kha nghich.

§2. VANH CHINH

1. Dinh nghia vanh chinh

Mt mién nguyén X goi 1a mot vanh chinh néu moi ideal cha
X déu la ideal chinh.

Vi du 2. Moi ideal clia vanh s8 nguyén Z ddu c6 dang mZ = <m>,
do d6 déu 12 ideal chinh. Vay Z 1 vanh chinh.

Binh 1i 5. Trong vanh chinh X khéng tén tai day v6 han cdc phén
a,d,...,8, , .., trong dé a;,, 1& udc thyc su.cﬁa a véimoii=1,2,..,n,.

CHUNG MINH. Néu c¢6 mot diay nhu thé thl theo dinh li 2 ta ¢6
day céc ideal 16ng nhau

<a, >C<a; >C<ay,>CcC ..
1 * 2 * 3 #+

Dé dang kiém tra A=uU< a, > 1a mjt ideal ciia X, do 46 ton
1
tai a € X sao cho <a> = A. Via € Anén ae <a, > véi i, nao dé.
0
Véin > i0 theo dinh li 2 ta ¢6

<a, >Cc<a_ > c<a
1 n n

, +l>cAc<ai >.

0

Vay <a_>=<a_ . > ma didu ndy mau thuin véi a__. la udc
n n n+l1

+1
thyc sy cia a .
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2. Vanh nhan t& héa

Cho X 12 mét mién nguyén. Phin tir a € X goi la phdn ftich
duoc mot cdch duy nhdt thanh tich cdc phdn t bdt khd quy néu
ton tai cac phdn ti bt kha quy p,,p,,--, p, sao cho a=p,.p,...p,

va sy phan tich d6 12 duy nhit, néu khong k& dén thyd ty va cde
nhan tif kha nghich. Néi cdch khéc, néu cing ¢6 a = q,.4y--q,, VO

cdc q; bat kha quy thi m = n va v6i mft cach ddnh 88 thich hgp ta
¢ p, lién k&t véi q; véimoii=1,2, ., n.

Mién nguyén duge goi 1la vanh nhén ti héa hay vanh Gauss néu
moi phan tit khdc khéng, khéng kha nghich cia né déu phan tich
duge mot cdch duy nhat thanh tich cia cdc phén tir bat kha quy.

Pinh Ii 6. Moi vanh chinh d8u I3 vanh nhéan ti hoa.

CHUNG MINH. Gia st a 12 mét phan ti khdc khong, khong kha
nghich cta vanh chinh X. Trude hét ta chitng minh a ¢6 mét wéc
bat kha quy. Thét vAy, néu trdi lai a khéng ¢6 uéc bat kha quy nao
thi a khéng bat kha quy va c6 mét uéc thuc sy a, cing khong bat

kha quy, a lai c6 mét ude thuc sy khong bat khd quy a Ta

0
duge ddy a,,a,, .. vo han cdc phdn tit ma phén tir ding sau la uée

thuc su ctia phan tif dimg lién trude, theo dinh 1i 5 12 mot didu mau
thuin.

Gid st p, la mot uc bat kha quy cla a. Khi d6 a = p,a, . Néu
a, khong bat khi quy thi tén tai uéc bat khi quy p,, a, = P2y,
a=D,Py.a,, .. Theo dinh If 5, sau n bude ta s& c6 a_ bat kha quy,
dit p =a ta duge a=pp,.p, 12 tich ciia cdc phan tit bat kha
quy.
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Bay gid gid st a c6 hai cdch phan tich thanh tich cta cdc phdn
tir bat kha quy

a=pD,..P, =qdy--q,, -

Ta c6 thé gid thidt n < m. Vi moi phdn ti bat khi quy déu
nguyén to va. p, 1q,q, .. q  nén ton tai q; sao cho p, $qj. Néu
cén thi ddnh 6 lai, ta c6 thé gia thiét p, Iq,. Vi p; va q, bt kha
quy nén tén tai phén ti u, kha nghich sao cho g; = p;.u,. Tir d6

Q- Qy--q, =P, Py--P U= au
véi u=uu,..u_la mét phén tit kha nghich. Néu m > n thi
4=4,95 -9y - Uy = AUGy,y - Ay

Suy ra q —ula mdt phan t& kha nghich, ta gip

n+l """ qm

miu thudn. VAym =nva g =p,u. véimpii=1,2, ., n

§3. VANH EUCLIDE

1. Pinh nghia vanh Euclide
Cho X la mét mién nguyén. Ki hieu X* = X\ {0}.
Mién nguyén X goi l& vanh Euclide néu c6 mét 4nh xa
5:X*-»> N
thda méan cdc diéu kién
1) Néubla va a # 0 thi & (b) <5 (a).

2) Véimoia,beX,b#0,téntaiq,re Xsaochoa=bg +r
trong d6 r = 0 hoac &(r) < 5(b).
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Vi dy 3. Theo dinh 1i phép chia c6 du trong Z, vdi 4nh xa
§:Z* 5 N,
n > In
vanh sé nguyén Z 1a mét vanh Euclide.

Binh Ii 7. Moi vanh Euclide déu I2 vanh chinh.

CHUNG MINH. Gii s X cing 4nh xa & : X* > N la vanh
Euclide, A 1 ideal tiy y ctia X. Néu A = {0} thi A 13 ideal chinh

sinh béi 0. Xét trudng hop A = {0}. Tap {8(a)tae A,a+0}cN ¢6 s6
nho nhat, do d6 c6 acA, a # 0 sao cho §(a) 12 s nhd nhat néi trén.

Ta s& chitng minh A = <a>. Thét viy, véi moi x ¢ Avi X la
vanh Euclide nén x = ag + r, trong dé r = 0 ho#c 8(r) < 8(a). Néu
r#0thir=x-aq e A, 8r) < §(a) mau thuin vdi cdch chon phén
tda. Vayr = 0 v x = ag € <a>. T d6 A = <a> 1a ideal chinh.

Nhan xét 1. Theo dinh 1i 6 va 7 ta c6 : moi vanh Euclide déu 1a
vanh nhéan t& héa,

2. Thuat todn tim udc chung 16n nhat

Tueng ty nhu d& véi s8 nguyén, c6 thé s dung thuat todn
Euclide dé tim udc chung lén nhit cla hai phidn ti trong vanh
Euclide.

Nhan xét 2. D& dang thay ring

1) N&u alb thi UCLN (a, b) = a.

2)Néua=bq+r, b0 thi UCLN (a, b) cing 1a UCLN (b, r).
Gia stra, b € X, b = 0. Khi d6 tén tai 4y, T, € X sa0 cho

a=bq, +1), 1, =0 hosic 3(ry) <8(b).
Néu r, # 0 thitacé

b=ryq, +r, 1, =0 hoc 3r)<dr,).
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Néu r; # 0 thi ta c6
X, =nQ, t1,, L= 0 hodc ¥(r,) < ()

Vi 8(b) > 8(ry) > 8(r;) > ... nén sau mdt 86 hitu han buéc ta
phdicé r_, =0, tic 1a

rn—l = 1'n qn+1 :

Theo nhgn xét 2. 1) UCLN (r,,1,
xét2. 2)ta c6 UCLN (a,b)=r__;.

)=t . Tu d6 theo nhan

-1 n-

§4. VANH PA THUC

1. Pinh nghia vanh da thitc

Cho A 12 mét vanh giao hodn c¢6 don vi. Ta goi mét da thic
trén A 12 mot t6ng hinh thic c6 dang

n
filx) = 8, +aX +..+a X

n
hay viét gon lai la f(x) = Z akxk , trong d6
k=0

85,8y, . B €A goi la cde hé ti;
x 12 mét ki hidu duge goi 1a dn véi quy ube
x° =1, x* = x.x.x (k 14n).

Néu a_ =0 thi a_ duge goi 1a he fi cao nhdt cia da thic f(x),
56 n goi 1a bde cia da thice f(x), ki hiéu l1a deg f(x).
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Hai da thic f{x) va g(x) duge goi 12 bdng nhau néu tat ca cac
hé ti tuong ng ciia ching déu bing nhau, tie 1a néu

n
fix) = BytaX+..+ax, an#—O

m
gx) = b0+b1x+...+bmx , b, %20
thin=mvaa =b,,i=0,1,.,n
Véi moi ceA ta goi flc) = aj +ac+...+ ancn € A la gid tri cda
da thice fix) tai c.

Mot da thic dang axkggi 124 mét don thic. Nhu vay mot da
thue 12 tdng cla mot sé hitu han cde don thitc hay c4c 88 hang. Ta
khéng phan biét thii tur edc 56 hang ciia mét da thic. Da thie

ao + a_lx + ...+ anxn
duoge goi la viét dudi deng chinh tdc tién, con da thie

n-1
X +...+2a

aﬂxn +a_ o
duoc goi la viét dudi dang chinh tdc lui.

Tép tit cd cdc da thic cila 4n x trén vanh A ki higu 12 Alx].
2. Phép todn da thic |

Cho hai da thic trén vanh A

fix)= aj +a;x+..+ anxn,
gX) = by +bx+.. + bmxm
Ta goi tdng cia f(x) va g(x) 1a da thue

f(x) + gx) = (ay +by) +(a; +b)x+..+(a_ + bm)xm +

m+1l N 5, a2a i
+a_ .X +..+a X , 0 day ta gid sin > m.
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Ta goi tich cha f(x) va g(x) 1a da thic
f(x).g(x) = aob0 +(a,by +agb )x + .. +

- n+m-1 n
+ (anbm_1 + an_lbm )x + anbmx

+m

Nhu vay tdng ca hai da thdc 13 da thic c¢6 cdc hé tir bing
téng cac hé tif tuong \ing cia hai da thdc dé.

Tich cha hai da thyc f(x) va g(x) viét gon lai la

n+m .
flx) . g(x) = Z cixl
i=0

trong dé ¢, = Z ajbk ,1=0,1,..,n +m.
j+k:i

Ta c6 két qua sau day :

BPinh li 8. V&i moi vanh giao hoan c6 don vi A, vdi phép todn céng va
nhan da thuc, Alx] 1a mot vanh giao hoan, ¢6 don vi.

Phdn t2 0 13 da thice c6 tat cd cdc hé 86 bing khéng.

Phdn ti 113 da thie 1 chi c6 hé s8 a, =1 con tat ca cde hé s&
khic bang khéng.

Vanh Alx] goi 1a vanh da thic trén A.

Tit dinh nghia cédc phép todn ta c6

Binh li 9. Vdi mei f(x), g(x) = Alx] ta c6

1) deg (f(x) + g(x)) < max {degf(x),degg(x)}, néu deg ¥x) = deg g(x}
thi deg(f(x)+ g(x)) = max {degf(x),deg g(x)} .

2) deg (f(x).g(x)) < deg f(x) + deg g(x), néu A la mién nguyén thi
deg ((x) g(x)) = deg f(x) + deg g(x).
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Nhan xét 3. D€ dinh i 9 ding trong moi truong hop, cdn dinh
nghiadeg 0 = ~o vavlfimoin € N, - + n = —0 va —© < n. Tt 2)
cia dinh 1f 9 dac biét suy ra : Néu A 12 mién nguyén thi Alx] ciing
12 mién nguyén. -

2. Phép chia ¢é du

Pinh 1i 10. Cho A 1a mit mién nguyén, f(x), g(x) e Afx] va g(x) c6 hé i
cao nhét kha nghich. Khi dé t6n tai duy nhat g(x), r(x) € Afx] sao cho

Hx) = g(x) q(x) + r(x)
trong dé r(x) = 0 hodc deg r(x) < deg g(x).

Pa thitc q(x) goi 1a thuong, da thic r(x) goi 12 du cha phép
chia da thuie fix) cho g(x).

CHUNG MINH. Tinh duy nhét. Gid sit g'(x), r'(x) €A[x] ciing cé
tinh ch4t dai héi. Khi d6
g(x) q(x) + r(x) = gx) q'(x) + r'(x).
T d6 gx)(a(x) - q'(x)) =r'(x) - r(x). Néu r'(x) — r(x) = 0 thi
theo dinh li 9 -
deg(r'(x) - r(x)) = deg g(x) + deg(q(x) - q'(x)) > deg g(x).

Day 1a mdt diéu mau thudn vi deg r(x) < deg g(x),
deg r'(x) < deg g(x). Vay r'(x) — r(x) = 0. Do Alx] 12 mién nguyén
nén ciing ¢6 gq(x) — q’(x) = 0.

Su tén tgi. Ta ching minh bing quy nap theo bic cia fix). Gia
st g)=b x" +..+bx+by, b_ 1a phin tit khi nghich. Néu
deg fix) < m thi chon q(x) = 0, r(x) = f{x), dinh li ding.

Gia sir két qud ding v6i moi da thdc cé bac nhd hon n, n > m.
Xét da thdc fix) c6 bac n bat ki

n
f(x) = ax +..+aXx+a,a #0.
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-1 _n-m

Bt fx)=fx)-a b x =~ .gx). Ta c6 f(x)=0 hosc
deg T(x) < n . Theo gia thiét quy nap tdn tai q(x) va r(x) e Ax] sao cho
f(x) = g(x) q(x) + r(x)

véi r(x) = 0 hodc deg r(x) < deg g(x) = m. T dé

fix) = g(x) (a(x) + anb_lxn_m)+ r(x)

m

bat q(x) = q(x) + anb;llxn_m, ta c6 cdp q(x) va r(x) e Alx] dé
flx) = g(x) q(x) + r(x) théa man r(x) = 0 hodc deg r(x) < deg g(x).

Binh i 1. Ndu F 13 mét irudng thi vanh Flx] la vanh Euclide va do dé
12 vanh nhén tJ hoa.

CHUNG MINH. Xét 4nh xa & : F[x]* » N, §(f(x)) = deg f(x).
Néu g(x) | fix) thi fix) = g(x) u(x), do 46

deg f(x) = deg g(x) + deg u(x) > deg g(x).
Vay 8(f(x))=>5(g(x)).

Véi moi f(x), g(x) € F[x], g(x) # 0 theo dinh li 10 tén tai q(x),
r(x) e F[x] sao cho
fix) = g(x) q(x) + r(x), r(x) = 0 hoic S(r(x)) <8(g(x))
Viy theo dinh nghia, F(x] 1a vanh Euclide.

Nhén xét 4. Vi Fix] 12 vanh Euclide nén uéc chung 16n nhéat cda
hai da thic khéc khéng b4t ki trén trudng F tdn tai va cé thé duge
tinh theo thuit todn Euclide (Xem §3).

V¢ du 6. Tim uéc chung 16n nh4t cha hai da thide

2

f(x)=x5+2x3+x +x+1

va g(x)= Ao e ox 41 trong Q[x].
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Theo thuit todn Euclide ta cé

f(x)= g(x).qo(x) + ro(x), qo(x) =x+1, ro(x) = x3 +X

800 = 1 (0.4, (0 + 1, (®), 4, = x - L ;) = x* +1

r, (%) =, (%).q,(x), qy(x) = x.
Vay UCLN (£(x),g(0) = ,(x) = x* +1.

4. Nghiém cua da thdc

Cho A 12 mdt mién nguyén va fix) € Alx]. Phdn t&rc € A goi 1a
mot nghiém cha f(x) trong A néu fic) = 0.

Néu B 14 mdt mién nguyén chita A nhu mét vanh con thi ciing
¢6 thé coi f(x) e B[x]. Khi d6 fix) c6 th& c¢6 nghiém trong B nhung
khdng cé nghiém trong A.

Né&u b € B 12 nghiém cia mdt da thie fix) € Alx] thi b goi la
phdn td dgi s6 trén A. Trong trudng hop tréi lai ta goi b 1a phin
i siéu viét trén A.

Mot phan tif dai s3 (siéu viét) trén trudng hitu ti Q duge goi
vén tdt 1a phdn t1Z dai s6 (siéu viét).

Vi du 6. 2x — 1 c6 nghiém trong Q nhung khong ¢6 nghiém
trong Z; % ¢ Z nhung % 1a phén tir dai s6 trén Z .
Pinh i 12. (Bezout). Cho A 12 mét mién nguyén. Khi dé phén ti ¢ < A

i nghiém cda da thdc f(x) e Alx] khi va chi khi f(x) chia hét cho x — ¢ trong
vanh Alx].

CHUNG MINH. Theo dinh 1i 10 ta cé

fix) = (x — e)g(x) + r(x)
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trong dé r(x) = 0 hoficdeg r(x) <deg(x—-¢c)=1. Dodér(x) =r € A.
Viviay fle)=rvavéimoi x € A

fix) = (x - ¢) q(x) + f(c)

Tir ddng thdc nay suy ra fix) = (x - ¢)q(x) = flc) = 0.

Cho fix) 12 mét da thic trén mién nguyén A va c 12 mét
nghiém cha f(x). Khi 46 tén tai k € N sao cho f(x) chia hét cho
x - o) nhung khéng chia hét cho (x ol Néuk =1 thiec goi
12 nghiém don, k = 2 thi ¢ goi 14 nghiém kép, k =2 3 thi ¢ goi la

nghiém boi. Trong trudng hop chua biét k biing bao nhiéu thi ta
goi chung ¢ 14 nghiém béi k.

Pinh If 13, Cho F 1a mét ruding va I(x) e FIx), f(x) = 0, C1,€2,0sCr 1A cac
nghiém ciia f(x) vdi s6 1dn bdi ky,Ky,....k, . Khi d6 18n tai g(x) e Flx] sao cho
f(x)=(x—cM(x—c )2 (x—¢c, M g(x), g(c;) =0 Véii=1, 2.1

CHUNG MINH. Theo dinh li 11, F [Jé] la vanh nhin ti héa. Vi
x—¢, la cdc phén t& bat khad quy nén trong su phédn tich fix)

thanh tich cde phén tir bat khd quy, sai khdc mét phdn tir kha
nghich, sé c6 k, thiua 86 X— ¢,i=1,2,.,r Dit g(x) la tich cia

céc thira s con lai, ta cé
k k k
fx)=(x-¢) 1(x—cz) 2.(x- c) "gx), glc,)#0,i=1,2,.,r

Binh If 14. Cho f(x) 12 mét da thic trén trudng F, fx) = 0. Khi dé s6
nghiém cia f(x), m8i nghiém tinh véi s6 J&n b8i cia nd, khbng vupt qué deg ¥(x).

CHUNG MINH. Gia s{ f(x) ¢6 r nghiém khdc nhau ¢, véi sg i4n
boi ki’ i=1,2,..r Theo dinh li 13 ta c6

f(x) =(x - cl)kl (x - 02)k’...(x - cr)k'g(x)
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Suy ra deg f(x) = kl +ky +..+ kr + deg g(x)

Vay k, +k, +...+k_ < deg f(x).

Binh |§ 15. Cho f(x) va g(x) la hai da thidc bdc n ¥rén trudng F va c6
n + 1 phdn Wt ¢, €s,-.., €hy € F, sao cho K¢;)=g(c;),i=1,2..,0n+1.

Khi d6 f(x) = g(x).

CHUNG MINH, Xét da thic h(x) = f(x) — g(x). N&éu h(x) # 0 thi
h(x) ¢c6 n + 1 nghiém trong khi deg h(x) < n, 12 mjt mAau thuén do
dinh li 14. VAy h(x) = 0 va f(x) = g(x).

5. S¢ dé Horner

Cho fix) 124 mdt da thitec bac n trén mjt mién nguyén A va c € A.
Theo dinh If 12

fx)=x-c)gx)+r (1),degqx)=n-1,t € A.

ia » n-1
Gid st f(x)=a x" +a,x  +..+a_ .X+4a_,
0 1 \

n-1 n-2

gx)=byx" " +bx" "+.+b ,x+b ..

n—-2

Thay vao (1), thuc hidn phép tinh & v& phai va so s4nh hé ti
cia hai v&, ta ¢é

89 =Dy b, =2,

a1=b1-cb0 b1=cb0+a1

la, =b. —cb 7‘b =cb +a ‘
k k k-1 k= k-l k

La =r-c¢b {r:cbn_lw&an

Tu d6 ta dé dang tinh duge cdc hé tir cha g(x) va r c4c hé ti
cua fix) va c.
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Day didng thic truy hdi d6 dugc mé td dudi dang so dé dudi
day, goi la so d6 Horner :

8, .. A a i’ a,
} ;}ka 5.1
+ =
¢| by=a, by by by, T
| A
X

So d6 Horner cho ta thuc hién nhanh phép chia da thic f(x)
cho da thae x — e. Vi f(c) = r nén né ciing cho ta cdch tinh nhanh
gié tri flc).

Vi du 7. Tim thudng va du cda phép chia da thuc
f'(}l{)=21ﬁ:4—xa+x2 -3x+2 chox—-2.
Ta c6 s6 dé Horner
‘ 2 -1 1 -3 2
2 i 2 3 7 11 24,

Tit 46 thuong la 2x° + 3x” + Tx + 11, du 1a 24 = f(2).

BAI TAP CHUONG IV

4.1. Cho a, b 12 c4c phén ti cha mdt vanh chinh X, UCLN (a, b) = d.
Ki hiéu <a, b> 1a ideal cia X sinh béi tdp hai phédn tir a, b.
Chiing minh ring <a, b> = <d>.

4.2. Cho X la mjt vanh chinh va A 12 mét ideal cia X. Chung
minh ring

a) Moi ideal ciia vanh X/ déu 12 ideal chinh.
b) Vanh X/ chinh <> ideal A nguyén t6.
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4.3.

4.4.

4.6.

4.7.

4.8.

4.9.

86

Cho X la mot vanh chinh. Chilng minh ring

a) Néu p l1a phén ti bat kha quy thi <p> 1a ideal t3i dai.
b) Néu P 1a ideal nguyén t& khdc {O}thi P la ideal téi dai.
¢) Moi phén ti a, b €X déu cé ude chung 16n nhat.

Cho X la vanh Eclide va A 13 mdt ideal cia X. Chimg minh
ring vanh thuong %/ la vanh Euclide & A la ideal nguyén

18 cua X.

a) Ching minh ring moei trudng déu 12 vanh Euclide.

b) Cho A la vanh Euclide. Chimg minh réing A 12 trudng
& & A* > N la 4nh xa hing.

Tinh s6 da thitc bic n ciia Z4[x].

Ching minh ring da thuc Ix®+14e Z,.[x] c6 4 nghiém
trong le.

Cho vanh giao hodn ¢é6 don vi A va I 1a mét ideal cha A.
Ching minh ring

a) I[x] -_-{f(x) =ag+aX+..+ a“xn e Alx]| moi a € I} la

ideal clia Alx].
b) A0 = ()

¢) I nguyén 6 trong A < I[x]) nguyén t3 trong A[x).

Chimg minh ring A[x}é)p;A. T d6 suy ra néu <x>

nguyén td thi A 13 mién nguyén, néu <x> la t8i dai thi A la
mjt trudng.



4.10. Cho A 1a mdt vanh giao hodn, c6 don vi. Ching minh ring
cdc didu kién sau tuong duong

1) A la trudng.
2) Alx] 1a vanh Euclide.
3) Alx) 1a vanh chinh.

4.11. Cho A 12 mét mién nguyén. Hay tim trudng cdc thuong cda
vanh A[x].

4.12. Ching td ring cdc s sau ddy la sé dai s&

a) V5+45 b) i+¥2
4.13. Tim ude chung 16n nhét cha cdc da thic

a) f(x) = x* +x3 —3x2 —4x-1; gx)= )(3+x2 -x-1.

b) f(x)=x5+x4—x3—2x—1; g(x)=3x4+2x3+x2+2x—2.
4.14. Dung sd 6 Horner, biéu dién f(x) theo liiy thifa cia x — c.

a) f(x) =x4 +2x3—3x2 -4x+1,e=-1.

b) f(x) = x5, c=1.
4.15. a) Tim m¢t da thiic f{x) bac 3 sao cho

fx) - fx - 1) = x°.

b) Lép cong thic tinh téng S_ =1° +2° +... +n”,

4.16. Ching minh riing néu f(x)=ax’ +bx+ceZ[x] o6
nghiém hiu ti thi ¢é it nhat mét trong ba 86 a, b, ¢ 1a chén.
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1.1.

1.2.

1.4.

1.8.

1.8.

1.7.

88

HUGNG DAN GIAI BAI TAP

CHUONG I. PHEP TOAN VA NUA NHOM

Khéng ké&t hop, khéong giao hodn, 0 1a phén ti trung hda bén
phai.
a) K&t hop, giao hodn.
b) K&t hop, giao hodn, 1 1a phin tir trung hoda.
Gidsta,beS vx,yeXtacé
(axb)sx)*y=(ax(b*x))*y=ax((bxx)+y)
= as{bx(xxy))=(axblx*y)
Vayas*beS.
a) (R, ) 1a vi nh6ém giao hodn, 0 1a phin ti¥ trung hda. Phin
td — 1 khong kha d6i xing.
b) (N, @) 1a nka nhém giao hodn.
(a xb)* c=ax(bxc)(=lallblc); 1 1a phén ti trung hda bén
trai.
a=1,b=-1thiaxb=b=+a.
VXeX,X*xX=x>>X<X

VX, ye X, XSYyVAYySXDX*y=yVAYy*X=X>y=X.
VX, ¥,2e X, XSYyVAYy<ZDX*xy=y,y*xz=2

SXx*x(Y*2Z)=y*2Z, Yy*¥Z2=2>X+Z2=2=>X<Z2Z



1.8. a) Phéin t& trung hoa 1a @, chi c6 @ ¢6 phén ti d6i ximg la @.
b) Phén tif trung hoa 1a X, chi ¢6 X ¢6 phin tit d6i ximg 1a X.

1.9. (axby«c=a=*(bxc)(=min{a+b+c1})
Phin ti trung hda 12 0. Chi ¢6 0 ¢6 phan ti d6i xing la
chinh né.

1.10. Trude hét ching minh bing quy nap b .a=ab". That viy,
hién nhién ding thde ding v6i n = 1. Néu ddng thic ding
véin—1thi b"a=bb " a=bab™ ' =abb™ "’ =ab”.

Hién nhién (ab)" =a"b" ding véi n = 1. Néu didu nay ding
véin — 1 thi (ab)" = (ab)" 'ab=a""'b""ab =a"lab" b =
=a'b" , tde 1a ding vdi n.

1.11. a) f don 4nh, fog = foh = VX € X, f{g(x)) = f(h(x)) = Vx € X,

g(x) = h(x) = g = h. Vay f thda min luat gidn ude trdi. Néu
f khéng don 4nh thi tn tai x,x,eX,x #Xx,,
f(xl) = f(x2). Chon g(x) = Xy, h(x) = X véi moi x € X, ta

c6 fog = foh nhung g # h.
b) f toan dnh thi IX) = X, gof = hd = VxeX, g(f(x)) = h(f{lx))

= g(y) = h{y), VyeX = g = h. Vay f thda man luit gidn
uée phdi. Néu f khong todn 4nh thi ton tai x; e X\f(X).

Chon g va h sao cho g(x) = h(x) v6i moi x € fX) va
g(x,) # h(x). Khi d6 goh = hof nhung g # h.
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2.1.

CHUONG II. NHOM

(m&n)dp=m+n-1) @& p=(m+n-1)+p-1
=m+m+p-1)-1=m+(n dp -1
=m & (n ® p)

me®&n=m+n-1l=n+m-1=n&m

m® 1=m+1-1=m Vay 11a phdn tif trung hoa

m®@2-m=m+(2-m)-1=1 Viy 2 - m 12 phan tir d8i

x\ug cia m.

2.2,

2.3.

90

X*xe=xVvViiVx Ox+e—-2xe=x e (1 -2x)=0vé Vx

< e =0, Vay 0 13 phén tif trung hoa.

Moi x € ]R\{-l-},x*x’=0<:x+x’—2xx’=0o X' =
2 2x -1

Vi x % . Vay phén t& d6i xing cda x 1a :
2 2x -1

e Tim phén t trung hoa : (a, b) * (x, y) = (a, b) véi V(a, b)

= (ax,bx + y)=(a, b) = {:i:;:b = {;:;

Thit lai ta thdy (1,0) 1a phan tif trung hoa.
¢ Tim phan ti d6i xing cta (a, b) :
(a, b) * (a’, b) = (1, 0) & (aa’, ba’ + b’) = (1, 0)

S ad =1, b +b =0 a=1b=-L Thitlai ta thy
a a

&,_2] 12 phén tir d6i ximg cia (a, b) € X

(2,0« (1,1)=(2, 1), {(1,1) * (2,0) = (2,2) >

(2,0) = (1,1) = (1,1) » (2,0) nén phép todn = khéng giao hodn.



2.4.

2.5.

2.6.

Do G # @ nén ton tai b € G. Goi e 124 nghiém cta phuong
trinh bx = b, ta cé be = b, V6i moi a € G. Goi ¢ 1a nghiém
cda phuong trinh xb = a ta c6 cb = a. Khi 46

ae=(cb)e=c(be)=cb=a—>ae=a (1).
Goi a' 1a nghiém cia phuong trinh ax=e s aa’=e (2).
Goi a” 12 nghiém cta phuong trinh a’x =e > a’ a"=e. Ta ¢6

aa'=a'ae=(a'a)fa’'a’)=a'(aa)a"=a'ea"=a'a"

= aa =e 3).
ea=(aa’)a=a(ada)=ae=ea=a (4).

Tir (1), (4), G c6 don vi la e. T (2), (3), moi aeG ¢6 nghich
dao ta a’. Vay G 1a nhém.

a) 1,eG .Moix,ye G tacé

_ _ -1 -
(xy H - X"y e - x(y") =1, = xy ! €G_

b) (m, n) = 1 = Ju, v, mu + nv = 1. Khi 46 Vac Gmr\Gn,

mu+nv

an =IG,an =1G,a=a =(£um)"'.(an)v :lG.lG =IG.
Vay G nG = {IG}.
2) Gia sy G = {al,az,...,an}. Véi méi a;, ta cé
aiG = {aial, aa,,..., aian} =G,
That vay, néu tréi lai thi ton tai j # k sao cho aa =aa =

a; = a, la mdt diéu mau thuén. Vay phuong trinh ax = a; c6

nghiém trong G véi moi a,,8; € G. Tuong tu, phuong trinh

J
Theo bai tép 2.4, G 1A m{t nhém.

ya, = a; cing ludn ¢6 nghiém trong G v6i mol a,,a, € G.
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2.7.

2.8.

2.9.

2.10.

2.11.

92

b) Mét tap 6n dinh chia mét nita nhém véi phép todn la mot
nia nhém con ctia né. Do 13 phdn t¥ cla nhém nén moi
phén ti cla né dédu thda min ludt gidn wéc. Vay theo a)
né 14 mét nhém con cua G.

Moix,y € Gtacé xy=1,xy = (yx)zxy = yXyxxy = yxyl,y =
= yxy2 = yxlg = yx. Vay G la nhém Abel.

Gid st a, b € C(X). Ta s& ching minh ab™! e C(X). That vay,
véi moi x € X ta ¢6

-1 -1
ab 'x = a{x_lb) = a(bx_l] =axb ! = xab! ,
do d6 ab™! € C(X).

Véimoix,y e Xtaco: xy=1y @x=y_1 o yx=1,.Ty¥ ds
(ab)" < (ab.ab .. aba) b = 1

< b(ab. ab .. aba)= 1y

<ba.ba.ba=1y

o (ba)” =1,.
Suy ra c4p cia ab bing c4p cia ba.

a) Vi {x] 12 nhém con cia G nén theo dinh 1i Lagrange cdp
cda nhém con [x] 1a u6c ctia n, tidc cfp cha x 12 ude cha n.

b) Gia st xe@, x c6 cip k. Theo a) tdn tai me N & km = n.
N n ky™ m
Tu d6 x =[x] =1G=1G'

Vi nhém c¢6 cip nguyén t8 p nén trong nhém ton tai phdn t
x khdc phén tit dom vi. T d6 cAp cia x 16n hon 1 va la ude p



(theo bai 2.10). Do p nguyén t6 nén cfp cia x bling p. Vay
nhém 1a cyclic va x phén ti sinh.

2.12. a) Gia sd x 1a mot phén t¥ sinh cha nhém G thi
G = {xn Ine Z}.

Khi d6 ta ciing co ('}={(xf1)n Inez}.V‘l x# X' nén G cé

hai phédn t& sinh. Néu x °la mdt phén t& bat ki eda G,
ng#+ 1. Khidé nks 1véimeike Z,dod6xe [x°],
tic 1a x° khéng phai la phén tif sinh cia G.

b) Gi4 s& x 1a mot phan ti sinh céia nhém G. D& thdy x
cing 12 phén t& sinh cia G. Vi G chi c6 mjt phan ti sinh

nén x=x L ox = 1, - Vay clp cia G khéng 16n hon 2.

2.13. Gid s nhém G c6 hon 1 phén ti. Loy x € G, x = 1,. I G

khéng c6 nhém con khéng tdm thudng va [x] = {IG} nén
(x] = G. Vay G la nhém cyclic.

2.14. Theo bai tap 2.11, cdc nhém cép 2, 3, 5 12 nhém cyclic, do d6
la nhém Abel. Ta con phai chilmg minh mo¢i nhém c4p 4 la
nhém Abel. That vAy, néu trong nhém c6 mot phan tr cdp 4
thi nhém la cyclic, do 46 1la nhém Abel. N&u trong nhém
khéng c6 phén tit cAp 4 nao thi moi phan ti khéc don vi déu
¢6 cdp 2, trudng hop nay nhém 1a nhém Abel theo bai tip 2.7.

2.15. Nhém S, khéng giao hotn, chdng han a = (1, 3,2),b=(2,3, 1)
6 aob # boa. Do vy S, khong 12 nhém cyclic. Vi S;cdp 6 nén

nhém con thue sy clia né ¢6 efp 1, 2, 3 nén déu 1a nhém cyclic.
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2.16.

2.17.

2.18.

2.19.
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Véimoiac A beBtaco
abba) ' =aba b eA (viaeA ba bl e A)

abba) ' =(aba Db eB  (vi aba ' €B,b ' € B)

Vay ab(ba) "’ € A~ B = ab(ba)”! = 1, = ab = ba.

a)Moix e X,a e [X,X]tacé
x 'ax = a(a”'x lax) e [X, X]
do d6 [X, X11a nhém con chuén tdc.
Véimoix,y e X, x 'y 'xy e [X, X)
= xy[X, X] = yx[X, X]. Vay %X,X] 12 nhém Abel.
b) % Abel & Vx,y € X, xyA = yxA
oV y e X, x‘ly-1 xy e Ao XXl cA
Gia st X/ =[tAl. Khi d6, moi x,y € X
xA=tTAsx= tmal,a1 €A
YA = t"A = y= tn32,32 eA.
Do a,,a, € C(X) nén
Xy = tmaltn32 = tmmaia2 ;
yx =t at e =t Taja =t" 'aa,
Vay xy = yx.

Dé thay C(S) 1a nhém con cfia nhém N(S). Moi x € N(8), a € C(S)
ta cAn chimg minh x tax e CS). Véi moi s € S, dat
y=(x Tax)s(x 'ax)}, ta s& ching minh y = s. Ta ¢6



y= x laxsx a'x. Do x € N(S) nén xSx " =8, tie Ia 39 S

A xsxt=s'>y= x lag’a’x. Do a € C(S) nén as'a* =s'
>y= x ls'x. Twds y = x txsx Hx =8 .

2.20. a) Thir truc tiép cdc tién dé cia nhém. Phan ti trung hoa la

(0, 0, 0), phén tif d6i xing ciia (k,k,,k,) Ia

k3+1
(0" iy -y iy ).

b) (1,0,0)°= (0, 0, 0). Véi n > 0 néu (1,0,0)" = (n, 0, 0) thi
1,0,00" =, 0, 0X1, 0, 0) = (n + 1, 0, 0). Do A6 (1,0,0)" =
(@, 0,0) véi moin € N. Tirdé (1,0,0) ™ =(n,0,0) " = (-n, 0, 0)
véin < 0. Vay A = {(k,0,0) L k € Z}.

Véi moi x = (k;,k,,k;)eX, a=(k,0,0) e Atacé

- Ko+l
x lax = [(—1) o kl,—kQ,—k3J (k, 0, 0) (k, .k, k,) = (+k, 0,0) < A

Véy A 1a nhém con chuén tic cia X.
2.21. Anhxaf: Z > nZ, filk) =nk la ding cdu,dod6 Z =nZ.
2.22. Chof: (Q,+) = (Z, +) 1a modt déng cau. Gia s {(1) = m. Véi

. 1 1 m 1
ik Dkf| | = —|= = — —|eZ
moi k ¢ N kf[k] f[k k] fA)=m = . f(k)e
=>m : k véimoi k € N*.Suyram=0. Tir dé (1) = 0. Véi

mqige Q.pe Z,qe N tacé
q

qf[ﬁ-] = f(p) = pf1) = 0.

Vay f[3]=0 véimoi B ¢ Q.
q q
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2.23. Néu c6 mot ddng cdu f: (R ,+) — (R ,-) thi tdn tai x € R sao

cho f(x) = —1. Khi d6 ta gip méu thudn vi

1= f(x)-f[; ’2‘] f[%].f[§]>0.

224. Gidsif: X o X, f(x)= x '. D& thdy f 1a mét song 4nh. Véi

moi x,y e Xta cé flxy) = (xy)_1 = y_lllz_1 ; f(x) fly) = x—ly_1

1

Do dé6 f 1a ddng cau < Vx,y : y—lx' = 1iz'1y_1 o

-1 -1\

1 -1
y x ) = [x-ly_l] & xy = yx < X 1a nhém Abel.

2.25. a) Phén tif trung hoa la [1 1 ] phén tif 46i xing céa
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G,’ "G,

(xl,xz) 1a (xil, x;).

b) Chon (x,x,)e G, xG,, G, =[x,}, G, =[x,]. D& dang thdy

(xl,:¢2)“"“=(1G g j V6i moi k sao cho (xl,x2)k=

:(1G G)thlx = G,xk IGZ,suyrakim,kEn

Vi{(m, n) =1 nén k { m.n. Vay G, xG, la nhém Cyelic
véi phén tif sinh 13 (xl, xz).

B4y gi¥ gid st (m, n) = d > 1. Khi d6 goi k 1a bji chung

nhé nhat cia m va n thi k < m.n. Véi moi (x €

1+%5)
k

G, xG, ta c6 (xl,xz) =[1G1' 1(}2]’ titc 1a moi phén tir
déu c6 cdp < cdp cha nhém. Vay G, xG, khéng 12 nhém

cyclic.



2.26. (Z ,+) 12 mot nhém giao hodn, phén tir trung hoa la 2, phén
t déi xing cla m la 4 - m.

Néum<nthivéimoipeZ tac6 :m+p—-2<n+p-2=
m* p<n#*p. Vay (2, #, <) 1a nh6m sdp thd tu.

2.27. Gid st G = {gl,gz,..., gn} véi g, <g,<..<g, . Truéc hét ta
ching minh g =1,. That vy, néu g #1sthi g <1, =
g <g , miu thudn véi g, 12 phdn ti nhd nhét. Tir d6 ta
ciing ¢é
g, <88, <88, < <E =g, =15,
ta gip méau thudn. Vay G phai vé han.

2.28.b) (a,b)=(a'b’),(c,d)=(c',d)>a+b'=b+a’,c+d'=d+¢’
> a+e)+(b'+d)=(b+d)+(@'+e’)
=>(@a+ec,b+d)~ (a+c’,b'+d")
= (a,b)+(c,d)=(a",b) +(c',d").

Viy quy tdc da cho la phép todn trén X .

C6 thé kiém tra tinh ch4t két hop va giao hodn clia phép todn
trén X mét cdch dé dang.

Phin ti¥ trung hda : (a,8),a e X.
Phén ti d6i xing cta (a,b) 1a (b,a).
c)Véimoib,b’e Xtacéa+b+b'=b+a+b
=>(a+b,b)~(a+b,b)=> (a+bb)=(a+b',b")
Moi x, y € X, chon tuy ¥ beX ta ¢6
JX+y) =xX+y+b+bb+b)

=X+b,b)+(y+b,b)
=j () +)(y)
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3.1.

3.2.

3.3.

34.

3.5.
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Vay j 12 déng cau.

Vi moi X, y e X, x#y >X+b+b=zb+y+hb
= (x+b,b) = (y +b,b) = j(x) #j(y). Vay ) la don 4nh va do
dé 14 don cau.

d) Gia st (a,b) e X, chontiy yc ¢ X Tacé

(@a,b)=(a+ce)+(c,b+e)=(a+cec)—(b+cc) =a—b.

CHUONG III. VANH VA TRUONG

k
Ta ¢6 (—1;{)2 = (—x}{-X) = x2 . Do 46 (—x)2k = [(—x)z] = xzk .

(0 x ) = xx" = 14, (-x )(x) = 1, do d6 —x khd nghich
va (-0t =—x

Phan t khang la (0, 0); phan tir d6i cda (m, n) la (-m, -n);
phén ti¥ don vi 1a (1, 0).

Néu X giao hodn thi véi moi f, ge x5 ,8 € Stacé

(£.8) (8) = Rs) . g(s) = g(s).Ks) = (g.) (s),
do d6 f.g = g.f.

N&u X ¢6 don vi thi ham I, I(s) = 1, v6i moi s€S 12 phan ti
don vi caa X3
A= {m+n% lm,n e Z} khéng la vanh con ciia R.

That vay 5 cA nhung ¥5. ¥5 ¢A.



3.6.

3.7.

3.8.

3.9.

3.10.

Vdimoia,be CX),xe Xtacéd:
(a-b)x=ax-bx=xa-xb=x(a-b)=a-beCX);
(ab) x = a(bx) = a(xb) = (ax) b = (xa) b = x(ab) = ab € C(X).
a) Gid sit a e X, a khong phdi la uéc cia khong, n, 1a cdp
cia a. Ta sé chiing minh n, =s. Hién nhién 1<n, <s. Véi
moi X € X ta ¢é

(n_x) a=x@,a)=x0y =0y.
Vi a khéng la uéc cia khéng nén n _x = 0y véi moix € X.
Suyra n zs. Vay n_=s.
b) Né&u a c¢6 cdp hitu han thi tuong tu a) ta ¢ n_x =0y vdi

moi x € X, méau thudn véi X ¢6 dic 38 khéng.
¢) Suy ra tir a).

Moi x € X, ta ¢6 —x=(—x)2=x2=x:>—x=x.
Moix,y € X, (x+y)2=x+y:.> x2+xy+yx+y2=x+y
>y +yx =0 = Xy = -yX = Xy = yXx.
a)a,bemX= a=ma',b=mb' >a-b=m (a'-b’') e mX,
g emX, x € X ax = ma'x e mX, xa = xma' = mxa’' € mX.
b)a,be A=>ma~-b)=ma-mb=0=a-b e A
acA xeX>=>max)=(ma)x=0x=0, mxa) = x(ma)=0
= ax e A xae A
xye A+B> x=al+b1,y=az+b2,al,a2eA,bl,bzeB
>x-y=(a -a)+(b -b)eA+B.
z e X, x:al+b1 eA+B=>zx= zal+zb1 c A+B,

X2 = alz+blzeA+B.
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3.11. a) Moi x+IO,y+IOE>{0 taco xy+1; =yx+1;

vixy—-yx=0¢€ IO.
b) X/ giaohodn o Vx, y e X, xy-yxel o I, cI.

3.12. Giasif: Z —» Z la déng cau vanh. Khi d6
fL=fM.D=ADAY =K A1)-1)=0
= f{1)= 0 hodc f{1) = 1.
Néu f(1) = 0 thi f(n) = 0 vé6i moine Z.
Néufll)=1thifiln)=nvéimoine Z.
Vay chi c6 hai déng cfu tir vanh Z vio Z la déng cau khéng
va dong clu ddng nhéat.
3.13. b) Néu f(a+bv7) = a + by/11 la déng cau thi
A7) = £(7+0JT) = 7+011 = 7
f7) = £(O+~7X0+ VD) = £0 + VT).£0 + VT) = V1LV =11,
ta gip miu thuin.
¢) Néu f: Q(J7) - Q(/11) 1a ding cdu thi f(1) = 1. Tir d6 suy
raf(7) =7, (I = 7= (D)) =72 1) = V7 .
Day la mot didu mau thuin, vi V7 ¢ Q(W11).
3.14. a) {O}nguyén t§ <> xy=0thix=0hoicy=0
<> X 12 mién nguyén.
b) {0} t6i dai <> moi ideal A cta X, A # {O}thi A =X
<> X chi c6 hai ideal 1a {0} va X
< X la trugng.
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c) P nguyén+t6 < xy e Pthix € Phodicy ¢ P
Sx+P)y+P)=0+Pthix+P=0+P
hoicy+P=0+P.
o )%, la mién nguyén.

&) M t5i dai <> ¥, chi of hai ideal thrn thumg 1a {0, | vh 3¢,
& X4 1a trudng
e) Suy ra tir ¢) va d) vi moi trudng 12 mién nguyén.
8.15. Ta chi cin chitng t3 F(A) 12 mét trudng con.
Gid st a=xy ' e F(A),b =zt e F(A). Khi d6
a-b=(xt-zy)(yt) " e F(A)
Né&u thém b = 0 thi z = 0 do 46
ab’ = xy_lt.z"1 = (xt)(y2)"! e F(A).
3.16. a) Phén tif khéng l1a (0, 0y ), phén tif 48} cia (m, x) 12 (-m, -x).
Phén b don vi I (1, 0).
b) h (x + y) = (0, x + y) = (0, x) + (0, y) = h(x) + h(y);

h(xy) = (0, xy) = (0, x) (0, y) = h(x) h(y),
Viy h 14 déng cfu. Ré rang x 2 y = (0, x) # (0, y)
= h(x) # h(y) nén h 1a don céu.
3.17. b) Phén tif khoéng 13 -, phén ti d6i cia = 1a =X Phén tir
X . X X

1

1 1
don vi 1a -A=x—_, phén tir nghich déo cta i 0 X,
1A X p.d X
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c)j(X+y)=ﬂ=1i+1L=j(X)+j(y)

1, A A -

jGey) = - Xy - lili = j®).(y),
ala 14 1,

véy j 1a ddng cdu. Mat khdc x = y thi li # IL = j(x) = i(y),
A A

vay ) 1a don ciu.

-1
1 ! _
dmﬂcé;i.;e:i.[x_} Cexl
x' 1, x 1, |1,

A Op Op . ab
3.18. a) Phin ti khéng la , phidn ti déi cla la
0 Op c d

vz

-a -b 1. O
a . Phén tddonvila | F T |,
- —-d OF‘ 1F

b) Thi truc tiép.

b
¢) Phén ti nghich ddo ciia [: d] ad-be#0la

dad-bo)™ - blad - be)™
~-c(ad - bc)—1 a(ad - bc)"1

a a, b
3.19. a) Véi 2, =[ N 311] z, =[ N 82] ta c6
- P2 %2

a, —a b, ~b
Z-—ZZ=[1 2 1 ZJEC

—(b1 - b2 ) a -a,
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Y - [ala2 -b,b, a,b, +ba, J cc
12 ~(ab, +ba,) aa, -bby

Mgiz:[ a b] e C,z#0,zcé nghich ddo la
-b a
a -b
-1 _ a’ + b2 a’ + b2 c C.
b a

2 2
aZ +b a+b

a, +a, O a, 0 a, 0
0 a, +a, a, a,

= j(a)) +j(ay).

_ a,a, 0 a, 0 a, 0
iaa,) = = .
0 aa, 0 a, 0 a,

= j(a)) .ia,)

Tinh don 4nh 12 hién nhién.

2 (-1 O .fa b
c)Tac6 i -{0 _1]_—1vam¢_n[_b a]eC
ab_a0+0b_a0+01bO_a+,b
b al o a)7l-b o) lo a)Tl-1 0)lo b) =TT

a, b a b
3.20.:1)q=_1_,_1,q=_2_2 e 2 thi
1 b 2
1 3
b
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_ a,a, - blb2 ab, + b1 a2
W2 =l o

18— b,  -bby+a, a

2,4, - b1g a,b, + b1‘5‘—2
= — € 2

~{a;b, + b1§ a8, - b,b,
a b - -
M(_)iq:[_E _]62,dat a=gaa+bb.
-b a

a=0oa=b=0,dodéq=0thia>0 Tuds

a b
-1 |a a
q =|_ e 2.

b a

a a
a

b
¢) V6i moi q = {-—E ;] € 2, dat a=a +ia,, b=Db, +ib,,

al,a“.e,bl,b2 € R, tacé

q = 31+i?2 b1+ib2
—b1+ib2 a.l—ia2

a 0 ia 0 0 b
S ]
0 a 0 -ia, —bl 0)

(0 ibz]
ib, 0

3.21.a) Néu trdilai 1 <0 thi0<-1=50(-1)<(-1)(-1) > 0 < 1,
ta gip mAu thudn. Vay 0 < 1.

:a1+a21+b1J+b2K.

b) Néu 0 < a nhung al <0 th a_l.a<0.a:51<0, ta gip

mau thuin. VayO<a=>0<a >, 0< als0<@hl=a.
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3.22.

4.1,

¢) Theo b) 2t < O,b'l <0=abl>0 Tidé

-1 -1, -1

a<b<0 o aa b <ba bl<0.ab
oblcal<o.
da<b »>a+a<a+b<b+b
>al+al<a+b<<bl+hbl

=>a(l+1D<a+b<b(d+1)
Vil+1>0mnén (1+1) >0. Tirdé

Sa<@+b) 1+1) <b
Vay c6 x1=(a+b)(1+1)_1dé’ a<x, <b
Tuong tu ta lai tim duge x,,a <X, <X,, .. Ta tim duge vb 86
x théaman a<x <b.

Néu c6 mét tha tu < d€ bién trudng 56 phide € thanh mét
truong sip thi tu thi 0 < i?-50<-1.Ta gip mau thuln.

cHUONG Iv. MOT VAI LGP VANH PAC BIET

Vi X la vanh chinh nén tép tai ceX, <a, b> = <¢>. Ta sé& chi
racvadlién két. Tacé a, b € <¢c> nén cla, clb = cld. Mat
khdc, ce<a,b> nén tén tai x,yeX, ¢ = ax + by, dla, dlb =
dle.

4.2. a) Xét p : X » %/ 1a toan cdu chinh tdc. Vi moi ideal B cia

X/, p'(B) Ia ideal cia X. Do X la vanh chinh nén
p 1 (B) = <b>. T d6 B = <b + A>.
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b) Vanh %/ 6 moi ideal déu 12 ideal chinh. Do d6 %/, la
vanh chinh < %/ la mién nguyén < A la nguyén t3.

4.3. a) Gia st A 1a mdt ideal chita <p>. Khi d6 A = <a>. Suy ra p € <a>

4.4.

= p = ab. Vi p b4t kha quy nén all hotic bf1. Khi d6 A =X
hoic A = <p>. Vay <p> 12 ideal 8 dai.

b) Gid st P = <p>. Néuplabthiabe Pdodéa e Photicb e P
titc 1a pla hodic plb. Vay p 12 phédn tif nguyén 8, tir d6 p 1a
phén ti chinh quy. Theo a) P 12 t&i dai.

¢) Tap D = {ax+bylx,ye X} la mot ideal cia X, do 46

D=<d>.Via=al+b0eD,b=a0+bleDnéndla,
dib.Dod € D nén d = as + bt, s,teX. Né€u c c6 cla, clb
thi clas + bt = cld.

Néu %/ 1a vanh Euclide thi %/ 1a mién nguyén, do d6 A la

ideal nguyén t6. Nguge lai néu A 1a ideal nguyén t6 trong X

thi hodc A = {0}, hosic A 12 ideal t6i dai (Bai tap 4.3 b)). Khi
d6 X/, = X hotic X/, 13 mét trutmg. Vay ¥/ 1a vanh Euclide.

4.5. a) Gid ad F 12 mot trudng. Khi d6 6 : F* 5> N, 8 (x) = 1 véi

4.6.

106

moi X € F¥ ]la dnh xa bién F thanh vanh Euclide.

b) N&u A 12 trudng thi moi x € A¥tacé 1= x.x_l, x=1lx=
§(X)<1vadx)21=38(x)=1.

Nguoc lai, n&n 3 1a 4nh xa héing thi v6i x = 1 va y 2 0, tdn tai

g, T € Asaocho 1l =yq +r. Néur = 0 thi 5(r) < &y) miu

thulin vdi 8 1a 4nh xa hing, do d6 r = 0. VAy moi y # 0 déu c6

nghich dio, A 1A mt trudng.

Gia sit da thuc ¢6 dang

n n-1
a X +a,x +..ta_.
0 1 n



Vi a,#0 nén chon a; c6 2 cdch. Chon a,, i # 0 c6 3 cdch.

Do vay theo quy tdc nhan ta ¢6 2.3" da thic bac n trong
Z 4 {xl.

4.7. Béing thi tryc ti€p ta thdy m” +14 c6 diing 4 nghiém trong
Z,z1a 1,4,11,14,

4.8. a) Dé thay hiéu hai da thdc thujc I[x] 12 mot da thdie thuje

I[x]. Gia sit f(x) € 1[x], deg fix) = n, g(x)cAlx], deg g(x)=m.

Khi d6 f(x) g(x) = coxmm + clxmm‘1 +.4C

n+m'’
trong d6 mdi ¢, 1a téng cla céc tich cta hai phén td, ¢6 it nhét
mot phan t& thudc 1. Do I la ideal nén moi tich nay déu thude 1.
Tu dé c, € Iv4ii=0,1,.,n+m, ticla fx) gx) e IIx].

b) Xét 4nh xa ¢ : Alx] - (84)[x], v6i moi

f(x)—Zax dat o(f(x) = Zax ,
i=0

trong dé a_i =a +lesf. D& kiém tra ¢ 12 mot todn cdu
vanh. Mit khde

n Lon
ker Q= {f(x) = Zﬂixl | Zai xl = O}
i=0 i=0

i=0

n s
= {f(x) =Y ax'ta =0v6ii=0,1, .., n}

n N
= {f(x) =Yax cAlxlla elvéii=0,1,.., n} = Iix}.
i=0

Do dé theo dinh li ddng cdu vanh A[x}{[x] = Alx ero = (34) [x)
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4.9.

4.10.

4.11.
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¢) I nguyén t3 trong A & 4{ 12 mién nguyén o (44)[x] 1a
mién nguyén & AlX ) 12 mién nguyén < I[x] nguyén té.

Xét anh xa ¢ : Alx] > A, f(x)=a,+a
Khi d6 ¢ 1a mét toAn cdu vanh va
ker ¢ = {f(x) e A[X]I f(x)ix}= <x>.

n
x+...+anx = a,.

1 0

Vivay A = A.

Chi cin ching minh 3) = 1), tic 12 cdn ching minh né&u
Alx] 12 vanh chinh thi moi x € A, x = 0 déu c6 nghich dao.
Xét ideal <a, x> cia Alx] sinh béi hai phan t& a va x. Do Alx]
1a vanh chinh nén <a, x> = «d> véid € A. Vi dix va dla
nén d khé nghich. Tir d6 <a, x> = Alx]. Do 1 € <a, x> nén
tén tai f(x), g(x) € Alx] sao cho 1 = af(x) + xg(x).

Véi x = 0 ta ¢6 af(0) = 1. Vay a kha nghich.

Vi A 12 mién nguyén nén A[(x] 12 mién nguyén, do d6 Alx] cé
trudng cdc thuong xidy dumg theo bai t4p 3.17. Cdc phén td

ciia F(Alx]) c6 dang - f(x) ¢ Alx], gx)  Alx] \ {0}. Phép

gx)’
todn trén F(A[x]) x4c dinh bdi
f(x) . fo(x) _ f1(x)go(x) + g1 (X)f5(x)
g1(x)  gax) g1(x)ga(x)

fl(x) fg(x) - fl(x)f2(3)
g1(x) ga(x) g1 (X)ga(x)

F(Ax]) 12 tap cac phin thdc hitu 83 trén vanHd A. Vay néu A
12 mét mién nguyén thi cdc phan thde hiu ti trén A tao
thanh mdt trudng vdi cdc phép todn nhu trén.



4.12. a) a=JV5+#5 = a—\/_5-=§4/§ = o?-25a+5=+56
= a?+5=v52a+1) = (a? +5)? = 5(2a +1)?
= a?-10a? -20a+20=0.
Vay o la nghiém cda da thde x4~ 10%2 - 20x + 20 € Z[x}.
b)a =i+ ¥2 = (@-12=2 = @ -8u-2-iBa®-1) =0
= [(o® - 30 - 2) - i(Ba? + DI[(a® -3a -2) +iBe> +1)] = 0
= (@ -32-22%+Ba?+1D2=0
= of+3a?-4a® +3c¢® +120+5=0
Véy o 12 nghiém cia phuong trinh
x% +3x? —4x% +3x% +12x+5=0.
4.13. ) x+ 1, by x° + 1.

4.14. a) Theo so 456 Horner
1 2 -3 —4 1
-1 1 1 4 0 @

-1 1 0 4 0
-1 1 1 @

Tit 56 dd trén ta cé
x4+2x3—3x2—4x+1 =
=+ -2+ D -8+ D2 4 4(x+ 1)+ 1

b) (x-1°% +5(x -1 +10x-1% +10(x - 1) + 5(x - 1) +1.
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4.15. a) fix) = ax® +bx% +ex +d
flx - 1) =ax- 1D +bx-1%+cx-1)+d
—ax +(-3a+bx’+@a-2b+c)x+(-a+b-c+d
f(x) - fix - 1) = x° khi

0o
1}

3a =1
-3a+2b=0 = <b
a-b+e¢=0

1}
(N R TR CE
.
g
<
(R

o
fl

2-t»—1-1|:+d.
6

b) Theo a) ta ¢6 12 = f(1) - f(0)
2% - f2) - K1)

1 3 1
Vay f(x) = =x° +=x
ay f(x) 3 2

n? = f(n) - fn - 1).
Codng cdc ddng thic nay, ta dugc

S, =f(n)-1(0) = l113 +ln2 +1n = ,n(n +D(2n +1) .
3 2 6 6

4.18. Gia s x1 1a mdt nghiém hiu ti cia f{x), khi 46
a.x§+bx1+c=0 = (ax1)2 + b(ax;) + ac = 0.
bat y, = ax; thi y; la nghidm hitu ti cha phuong trinh
y2 +by +ac=0,
do d6 y; 12 s8 nguyén. Goi y2 12 nghiém thi hai cia phuong
trinh nay thi yp cing nguyén. Ta c6 y;+y, =-b,
y1.yo = ac, do d6 abc = —y ya(y; +yg). Vi trong 3 s6 nguyén

Yi, Y2, ¥1 +y2 ¢6 it nh4t mot s6 chdn nén abe chén. Tir d6
trong 3 86 a, b, ¢ c6 it nhat mdt 88 chin.
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TiM BOC SACH THAM KHAO BO MON TOAN BAC TIEU ROC
CUA NHA XUAT BAN GIAO DUC

100 cau héi va dap vé viéc day toan & Tiéu hoc Pham Pinh Thyc
Day toan & Tiéu hoc bang phiéu giao viéc Pham Pinh Thyc
Giang day céc yéu t6 hinh hoc & Tiéu hoc Pham Pinh Thuc
Giai bai toan & Tiéu hoc nhu thé nao ? Pham Dinh Thye
Mot sé van dé suy luan trong mén toan & Tigu hoc Pham Dinh Thyc
Phuong phap sang tac dé toan & Ti€u hoc Pham Dinh Thyuc
Todn chon lgc Tiéu hoc Pham Pinh Thyc
Day hoc cac tap hgp sé d bac Tiéu hoc Nguyén Phy Hy (cb)
Day hoc phép do dai lugng & bac Tiéu hoc Nguyén Phy Hy (cb)
S8 hoc Dau Thé Cap

Ban do¢ c6 thé mua sach tal cac Céng ti Sach — Thiét bi trudng hoe
& céac dia phudng hoac cac clia hang sach clia Nha xudt ban Giao duc :

~Tai TP. Ha Nbi : 187 Gidng V6 ; 232 Tay Son
23 Trang Tién : 25 Han Thuyén.
—~Tai TP. Pa Ndng  :15 va 62 Nguyén Chi Thanh.
Tai TP.Ha Chi Minh : 104 Mai Thj Lgu, Quan 1 ;
451 B - 453, Hai Ba Trung. Quan 3 :
240 Tran Binh Trong, Quan 5.
Tai TP. Can The 5/5. duong 30/4.

Website : www.nxbgd.com.vn
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